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If you can’t explain it simply, you don’t understand it well enough.
— Albert Einstein

Try not to become a man of success, but rather try to become a man of value.
— Albert Einstein

A B S T R AC T

The new generation of service robots requires force control to safely cooperate with humans in unstructured dynamic environments. The objective of this
thesis was to improve the abilities of humanoid robots to interact with their
surrounding. In particular, the idea of integrating force and touch feedback
was investigated, so as to control the robot in presence of external forces acting on any part of its body. To this aim, this work exploited the humanoid
robot iCub as test platform, and it tackled three main issues: i) spatial calibration of tactile sensors, ii) estimation of contact forces using tactile sensors
and force/torque sensors, and iii) prioritized position and force control.
The main contribution of this thesis is a new framework for prioritized
position and force control of floating-base robots. The framework was compared to other state-of-the-art similar frameworks, both analytically and in
simulation, and it proved preferable in terms of optimality and computational
efficiency — twice as efficient, while preserving the optimality of the solution. Moreover, a method for estimating the 3D positions of tactile sensors
was proposed. The method relies on force/torque measurements and it was
exploited to calibrate the 1500 tactile sensors mounted on the arms of the
iCub robot, with an average error of approximately 7 mm. Another method
was introduced, which makes use of the calibrated tactile sensors, together
with the distributed force/torque sensors, to estimate an arbitrary number of
contact forces acting on any part of the robot’s body. The method is based
on the Recursive Newton-Euler Algorithm, and it was implemented as part of
the open-source C++ library iDyn. Furthermore, a theoretical and empirical
analysis investigated how incorrect estimation of contact points may affect
the resulting contact forces and induce undesired joint accelerations. Tests on
the iCub robot demonstrated a significant improvement in the performance of
the force controller when the tactile system was used. All things considered,
this work advanced the state of the art of force control of humanoid robots,
providing estimation methods and control strategies that can be applied to
make robots safely work side-by-side with humans.
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I N T RO D U C T I O N

This thesis deals with the position and force control of a humanoid robot interacting with the environment. The robot detects whole-body contacts with its
distributed tactile sensor network and it measures contact forces using 6-axis
force/torque sensors. To improve the abilities of the robot to interact with the
surroundings, this work tackles three main issues: i) spatial calibration of tactile sensors, ii) estimation of contact forces, and iii) multi-task position/force
control.
1.1

M O T I VAT I O N S : T H E N E E D F O R F O R C E C O N T R O L

In the last half century we have been witnessing a major shift in robotic
applications. While 50 years ago robots belonged only in industries and research laboratories, through the years some robotic platforms have entered
our homes. Predictions for the future go so far as to compare the current emergence of the robotics industry with the PC-revolution started in the ’70s: “a
robot in every home” [Gates 2007]. Industrial manipulators today represent
only a fragment of a wide range of robotics applications: caregiver robots
help the elderly and disabled people, service robots [Kim et al. 2005; Roy
et al. 2000] sweep the floor and mow the lawn, and therapy robots ease rehabilitation processes. The field of service robotics [Siegwart et al. 2003;
Wyrobek et al. 2008] is trying to achieve a particularly challenging goal: building general-purpose robots that can work side by side with humans to do a
variety of different chores.
This shift in robotics applications calls for new capabilities. First, robots
that share the workspace with humans have to be safe, meaning that they need
to control their physical interactions with humans and environment [Haddadin et al. 2009; Heinzmann and Zelinsky 2003; Hirzinger and Albu-Schäffer
2001]. Physical interaction may be either intentional or due to uncertainties
— typical of unstructured dynamic environments such as homes. Besides being safe, service robots should perform tasks in cooperation with other active
agents (humans or other robots), hence they need to regulate contact forces on
their whole body. Moreover, general-purpose robots can not be programmed
as industrial manipulators that perform only few repetitive tasks. Non-expert
users should be able to program robots by demonstrating a task, either visually or kinesthetically (i.e. physically moving the robot) [Argall et al. 2009;
Calinon and Billard 2007; Hersch et al. 2008; Kormushev et al. 2011]. The
paradigms of “programming by demonstration” and “kinesthetic teaching”
are appealing also to the industry [Brooks 2008], because they simplify the
programming phase and increase the adaptability of robots.

1

Future predictions:
“a robot in every
home”.

Robots need to
interact with humans
and the environment.
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I N T RO D U C T I O N

To meet these requirements, the new generation of robots demands force
control, that is the ability to regulate the interaction forces exchanged between
robot and environment.
1.2

F O R C E C O N T RO L

The issue of providing robots with force control gave birth to several research
trends, both on the hardware side and on the control/software side. This section briefly reviews the major efforts on both sides, in order to contextualize
the presented work inside the field of force control.
1.2.1

Hardware

The field of Whole-Arm Manipulation (WAM) focuses on building robotic
arms specifically designed to make contact on their whole surface. In 1988
Salisbury and Townsend wrote:
Manipulator should be designed to contact and interact with the
environment with any of its surfaces. [. . . ] Since the system is
intended to contact objects [. . . ] it is important that forces anywhere along the links be controllable.

Two approaches:
active force control
and passive force
control.

One approach to fulfill these requirements is passive force control, which
relies on mechanical compliant elements. In 1995, Pratt and Williamson suggested that the introduction of passive springs at the joints could improve
shock tolerance, lower reflected inertia, enhance accuracy and stability of
force control, lessen environment damages, and allow for energy storage; research on series elastic actuators had then started. Along the same line of
thoughts, people built variable stiffness/impedance actuators, which can control both position and mechanical impedance of the moving parts, in such a
way to optimize performance while intrinsically guaranteeing safety [LaurinKovitz 1991; Tonietti et al. 2005].
An alternative approach is active force control, which, rather than exploiting elastic mechanical elements, commands the robot’s motors so as to regulate the interaction forces. In this approach, force/torque sensors and tactile
sensors are paramount, because they allow to detect, localize and measure
contact forces. Joint position sensors are relatively easy to build an to integrate into a robotic system. On the other hand the problem of designing compact, robust and accurate joint torque sensors is far from solved. Most difficulties arise from the high sensitivity of the sensing elements, which easily
measure unwanted force/torque components, specially in small and compact
designs. Hirzinger and Albu-Schäffer [2001] presented advances towards a
new generation of service robots that are characterized by joint torque sensors,
light weight, high weight-to-payload ratio, and low power consumption. Tactile sensing has always been widespread in manipulation [Tegin and Wikander
2005], but in recent years we have seen more and more large-scale tactile networks that cover large parts of the robot’s body [Minato et al. 2007; Schmitz
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et al. 2011]. Tactile sensors and force/torque sensors proved to be complementary technologies [Gordon and Townsend 1989], which give best results
when used together to measure magnitude and location of multiple contact
forces [Fumagalli et al. 2012].
1.2.2

Control/Software

Since the 1970s, force control has heavily impacted the field of robotics control [Groome 1972; Nevins and Whitney 1973; Whitney 1976]. Ever since, a
few basic control paradigms have established the foundations of this research
area (see [Chiaverini et al. 1999; De Schutter and Bruyninckx 1998; Whitney
1987] for a thorough review). The next subsection quickly describes the following well-known control paradigms: explicit force control, implicit force
control, impedance control, hybrid control and parallel control. After that,
we review the state of the art of the so-called “control frameworks”, which
allow robots to perform multiple tasks at the same time, combining together
different control paradigms. Finally, we summarize the main challenges of
force control, with a particular focus on humanoid robots.
1.2.2.1

Control paradigms

Explicit force control exploits force feedback to adjust the contact force to
a desired value [Volpe and Khosla 1993; Whitney 1976]. On the other hand
implicit force control, without any force feedback, regulates the position of
the contact point, while tuning the joint servo gains so as to give a particular
stiffness/admittance to the contact point [Borrel 1979; Rocco et al. 1997].
In 1985, Hogan proposed impedance control, consisting in the control of
the motion of the manipulator and, in addition, its dynamic behavior in response to external forces. Based on the observation that all environments
can be modeled as admittances (i.e. physical systems that accept force inputs and yield motion outputs), Hogan suggested to control the manipulator as an impedance (i.e. a physical system that accepts motion inputs and
yields force outputs). This guarantees that the two dynamically interacting
systems physically complement each other. Differently from previous approaches, impedance control does not regulate motion or force directly, but instead it regulates the ratio of force to motion, that is the mechanical impedance
[De Schutter and Bruyninckx 1998].
In 1979, Craig and Raibert introduced hybrid control, which regulates force
and position independently, along orthogonal directions. Any assembly task
involving rigid frictionless contact defines two sets of natural constraints: position constraints prevent the robot from moving through the environment,
whereas force constraints prevent the application of forces along the tangent directions. These two sets of constraints partition the space into two
orthogonal subspaces, which are then controlled according to different criteria [Khatib 1987].
More recently, Chiaverini and Sciavicco [1993] proposed to superimpose a
proportional-derivative position control on a proportional-integral force con-

Well-known control
paradigms:
explicit/implicit
force control,
impedance control,
hybrid control and
parallel control.
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trol, giving birth to the so-called parallel control. The integral action in the
force regulator ensures dominance of the force control over the position control, which is typically desired for safety reasons.
1.2.2.2

Redundancy
resolution and task
prioritization.

In order to meet the increasing demand of flexibility and versatility, robot
manipulators with more than six degrees of freedom appeared. These manipulators introduced the problem of redundancy resolution, namely to select a
unique solution among the infinite control actions that generate the desired
end-effector behavior. At first, redundancy was exploited to minimize the kinetic/potential energy of the manipulator [Whitney 1969], avoid obstacles
in the workspace [Khatib and Maitre 1980], avoid singularities [Yoshikawa
1984], or keep joint angles and torques within limits [Liegeois 1977]. In 1987,
Nakamura et al. were the first to discuss the concept of task prioritization:
a task was divided into subtasks with different priorities and the joint motion was resolved so that lower priority subtasks used only redundancy not
committed to higher priority subtasks. Nakamura et al. [1987] formulated the
problem both in terms of joint velocity control [Whitney 1969], and joint
acceleration control [Luh et al. 1980].
The problem of redundancy resolution drew increasingly more attention
as research started to devote more attention to complex robots, such as humanoids, opening the possibility to perform many tasks at the same time.
New control frameworks [Baerlocher and Boulic 1998; Siciliano and Slotine
1991] generalized the concept of task prioritization to the case of an arbitrary
number of tasks. In 2004, Khatib et al. presented the first control framework
working on the dynamic equations of the robot. Differently from the previous approaches, this framework allowed for explicit force control and hybrid
control.
Many control frameworks have then been formulated in the last decade,
each of them presenting particular features, such as: specification of inequality constraints [Mansard et al. 2009; Saab et al. 2011a], control of underactuated systems [De Lasa and Hertzmann 2009; Mistry and Righetti 2011], low
computational cost [Escande et al. 2010; Mansard 2012].
1.2.2.3

Contact dynamics
are difficult to model.

Control frameworks

Main challenges

The position and force control of humanoid robots has been an active research
subject in the last decade, in part because of the many challenges that it exhibits.
Physical interaction with the environment definitely represents a crucial issue: while we can estimate a dynamical model of the robot, it is much harder
to retrieve a model of the contact dynamics. Researchers often resort to simplified models such as “perfectly-rigid frictionless contacts”, or “spring-damper
contacts”, because they have proved sufficient to roughly capture the dynamics of the interaction. However, even when using these simple models, the
online estimation of their parameters remains problematic.

1.2 F O R C E C O N T R O L

Sensing capabilities represent another limiting factor: force and torque sensors are expensive and difficult to integrate on robots; moreover, tactile sensors are rarely found and often cover only limited parts of the robot’s body
with low resolution. As this thesis demonstrates, the latter is a crucial problem
for the estimation of contact forces.
Redundancy resolution, as we already mentioned, is another well-known
challenge, and it has been the subject of a great body of work. Redundancy
can either be seen as a problem, or as an opportunity to address other issues,
such as singularities or joint torque/angle limits. Even if some control frameworks allows for inequality constraints, which can model joint torque/angle
limits, this leads in turn to another problem, that is the computational cost.
Similarly, to avoid singularities, one could resort either to local approaches,
which do not guarantee optimality of the solution, or to global approaches,
which require high computational cost. Since active force control benefits
from fast control loop, control strategies should be as computationally efficient as possible (rate of force control loops is typically at least 1 kHz). A
trade-off between efficiency and optimality seems to exist, but it is still unclear where it lies.
Finally, underactuation is probably the most recent ingredient that fell into
this recipe. Underactuated systems have less actuators than degrees of freedom, hence they can control only a portion of their state at each instant of
time. Nonetheless, most of these systems are controllable, namely they can
be driven from any initial state to any final state in finite time. Feedback
linearization greatly simplifies the control of fully-actuated robots, reducing
them to decoupled linear systems. Differently from fully-actuated systems,
underactuated robots are not feedback linearizable, namely their dynamics
cannot be linearized by a nonlinear feedback. Floating-base robots are a class
of underactuated systems, which has been largely studied in the field of space
robotics. Floating-base robots suffer from dynamic singularities, that are configurations in which the robot can not accelerate in certain directions due to
the dynamic coupling between its active and passive degrees of freedom. This
dynamic coupling makes unfeasible to address control and planning from a
kinematic-only standpoint, as it is often done with fully-actuated systems.
Dynamic models are typically less precise and more complex than kinematic
models, hence their inclusion decreases the reliability of the planning, while
increasing the computation time.
Moreover, humanoid robots differ from space robots because they are almost always in rigid contact with the environment, typically with the ground.
They are then called “constrained systems”, meaning that their motion is constrained by the rigid contacts; the contact constraints need to be taken into
account in control and planning, increasing even further the complexity of
these processes.
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1.3

CONTRIBUTIONS OF THE THESIS

The work presented in this thesis belongs in the control/software side of force
control.
The first part of the thesis treats problems that are strictly related to the specific sensor arrangement of the iCub robot, i.e. the distributed tactile sensors
and the 6-axis force/torque sensors. Before implementing any force control
paradigm we needed a way to measure and localize contact forces on the body
of the robot; this part of the work was then essential for testing the second part.
We devised a method for the spatial calibration of the tactile sensors and we
tested it on the robot. The method exploits the 6-axis force/torque sensor to
estimate the positions of the tactile sensors on the arm of the robot. Then
we tackled the problem of fusing the information coming from the different
sensors - tactile and force/torque - to estimate position and magnitude of the
contact forces. Next we implemented some control strategies (explicit force
control, position control, parallel control) on the iCub robot, and we studied
how the tactile sensors improved the performance of the controllers.
The second part of the thesis deals with control frameworks: we present
a new control framework for position and force control and we compare
it with other state-of-the-art control frameworks. Both an analytical analysis and tests in simulation show the advantages of the presented framework,
which concern its optimality and efficiency. Then we extend the presented
analysis and the control framework to floating-base systems, which exhibit
particular challenges because of their underactuation.
To summarize, we list here the main contributions of this thesis.
1. A method for spatial calibration of tactile sensors, presented in chapter
2 and published in [Del Prete et al. 2011].
2. A method for estimation of contact forces using tactile sensors and
force/torque sensors, presented in chapter 3 and published in [Del Prete
et al. 2012a].
3. A theoretical and empirical analysis of how errors in contact localization affect the control of contact forces, presented in chapter 4 and published in [Del Prete et al. 2012b].
4. A framework for position and force control of floating-base robots, presented in chapters 5 and 6, and submitted for publication in [Del Prete
et al. 2013].
1.3.1

Basic assumptions

This work is based on a few assumptions, meaning that it does not tackle
some of the aspects related to force control of humanoid robots. Even though
we had to implement some simple planners for testing our control strategies,
this thesis does not deal with the problem of computing reference trajectories
(i.e. planning). Since we are interested in model-based control, we always
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assume to have a precise kinematic/dynamic model of the robot that we control. We extracted the kinematic parameters from the CAD model of the robot,
whereas the inertial parameters were estimated, but we do not enter into the
details of the process. Also, we do not consider the problem of errors in the
robot parameters and the application of adaptive/robust control techniques.
While we explain a technique for the spatial calibration of the tactile sensors,
we assume that the force/torque sensors are already calibrated and they provide reliable measurements. We do not deal with the control of robots with
passive springs at the joints (i.e. SEA or VIA). Although at the moment our
test platform is not equipped with passive springs (apart from the fingers),
some elasticity is surely present in the structure; however, we always assume
to work with a perfectly rigid robot. Another assumption is the perfect tracking of the joint torque control of the DC motors. Finally, even if two cameras
are mounted on the iCub robot, we do not exploit vision in the presented
controllers.
1.4

T E S T P L AT F O R M

— I C U B H U M A N O I D R O B O T & S O F T WA R E

ARCHITECTURE

This section presents the humanoid robot iCub (see Fig. 1.1a), which is the
test platform for all the methods and controllers presented in this thesis. The

(b) The force/torque sensor mounted inside the
arm of the iCub.

(a) The iCub humanoid robot.

iCub is an open robotic platform, designed for studying embodied cognition
[Metta et al. 2008]. Its high number of degrees of freedom (53 in total, 30
in the upper body of which 9 just in each hand) and its small height of 104
cm, distinguish this robot from the other humanoid platforms worldwide. A
large variety of sensors are mounted on the robot: digital cameras, gyroscopes,
accelerometers, microphones, joint encoders, 6-axis force/torque sensors and
a distributed sensorized skin.
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1.4.1

Force/torque sensors

Currently, the iCub is equipped with four custom made force/torque sensors
[Fumagalli et al. 2010], one in each limb. The position of the sensors differs
from the usual distal configuration at the end-effector. Indeed the sensors are
located in between the shoulder and the elbow in the arm (see Fig. 1.1b), and
in between the knee and the hip in the legs. The solution was dictated by practical reasons, but it has also some advantages: while the distal configuration
can measure only end-effector forces, the proximal configuration allows the
measurement of both internal dynamics and external forces exerted on the
whole limb.
1.4.2

Tactile sensors

A compliant skin [Schmitz et al. 2011] incorporating a distributed pressure
sensor, based on capacitive technology, is currently mounted on the torso,
arms, palms and fingertips of the iCub (see Fig. 4.7). The skin is organized
in triangular modules, except for the fingertips, where a particular solution
has been designed for complying with the limited size and round shape. Each
module, composed by 12 taxels (see Fig. 1.1), is able to scan locally 12 measurements of capacitance and send them through a serial bus.

Figure 1.1: Right arm of the iCub robot, with skin mounted on the forearm (not covered with the lycra yet), palm and fingertips. In the red box, a detailed
view of the forearm cover and the placement of the sensors [Schmitz
et al. 2011]. This part is not covered with the silicone foam yet.

The basis of the sensor is a flexible printed circuit board (PCB). A 2/3 mm
thick layer of silicone foam is placed above the PCB, covering the 12 taxels.
The role of this layer is two-fold: (i) it acts as a deformable dielectric for
the capacitive pressure sensor and (ii) it makes the skin compliant. A second
conductive layer of lycra is placed on top of the silicon foam, in order to make
the sensors sensitive to every material, regardless of its electrical properties.
The capacitance of all the taxels is read with an 8 bit resolution, since any
higher resolution is covered by noise. In every skin triangle the 12 taxels can
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be read either independently at 50 Hz, or as an average of them at about 500
Hz.
1.4.3
1.4.3.1

Software
YARP

YARP [Metta et al. 2006] (Yet Another Robot Platform) is the software middleware that we exploited for the implementation of all the software reported
in this thesis. YARP is a set of C++ libraries, protocols, and tools to keep modules and devices cleanly decoupled. It supports building a robot control system as a collection of programs communicating in a peer-to-peer way, using
different connection types (tcp, udp, multicast, local, MPI, mjpg-over-http,
XML/RPC, tcpros). It also supports similarly flexible interfacing with hardware devices. YARP allows software modules to communicate using ports
and it supports both synchronous and asynchronous communication. YARP
is free and open, under the LGPL.
1.4.3.2

iDyn

The software library iDyn [Ivaldi et al. 2011] is at the core of the implementation of force control on the iCub. Using the dynamic parameters of the robot
(extracted from the CAD model) and the data of F/T sensors and tactile sensors, iDyn can:
• estimate the joint torques to simulate joint torque sensors and so implement joint torque control in the control boards of the motors;
• estimate the contact forces [Del Prete et al. 2012a].
The information relative to the contact points comes from a software module
called SkinManager, which uses the 3D positions of the tactile sensors to compute the center of pressure of each contact area. To obtain this information
the tactile sensors were previously calibrated using the technique presented
in [Del Prete et al. 2011].
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Part I
C A L I B R AT I O N A N D E S T I M AT I O N

2

S K I N S PAT I A L C A L I B R AT I O N U S I N G
FORCE/TORQUE MEASUREMENTS

This chapter deals with the problem of estimating the position of tactile elements (i.e. taxels) that are mounted on a robot body part. This problem arises
with the adoption of tactile systems with a large number of sensors, and it
is particularly critical in those cases in which the system is made of flexible
material that is deployed on a curved surface. In this scenario the location of
each taxel is partially unknown and difficult to determine manually. Placing
the device is in fact an inaccurate procedure which is affected by displacements in both position and orientation. Our approach is based on the idea that
it is possible to automatically infer the position of the taxels by measuring
the interaction forces exchanged between the sensorized part and the environment. The location of the contact is estimated through force/torque (F/T)
measures gathered by a sensor mounted on the kinematic chain of the robot.
Our method requires few hypotheses and it can be effectively implemented on
a real platform, as demonstrated by the experiments with the iCub humanoid
robot.
2.1

I N T RO D U C T I O N

Figure 2.1: Examples of large scale tactile systems mounted on different robotic platforms. From the top left corner there are Nao, Robovie, Riman, Kaspar,
Riba and iCub.

Nowadays, robots are expected to exhibit advanced features and complex
interaction capabilities. For these reasons, recent research work has been focused on the design of robot structures that either take inspiration from the
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human functional structure [Marques et al. 2010; Metta et al. 2008] or are
specifically designed for particular tasks [Hoffman and Weinberg 2010]. Furthermore, the design of deeply embedded and functional sensor systems that
extend the perception of the surrounding environment has been enforced. In
this field, particular attention has been devoted to tactile sensing: the key
feature for enabling safe human-robot interaction and autonomous tasks in
unstructured environments [Lumelsky 2006; Taichi et al. 2006].
The development of large-scale tactile sensors requires to deal with several
issues that are well beyond the realization of single prototypes. Scalability,
conformability [Ohmura et al. 2006], wiring [Cannata et al. 2008] and networking [Baglini et al. 2010] are just some of the issues that must be taken
into account in the definition of a large scale tactile system that can cover
huge parts of a robot body. Ohmura et al. [2006] presented a possible attempt
to solve these issues, with a network of tactile elements that can be applied
to arbitrarily curved surfaces. In spite of the low spatial resolution and high
power consumption, the proposed solution allows a simple mechanical integration of transducers on the robot body. Cannata et al. [2008] presented another example of a modular skin, in which the triangular shape of the sensing
modules and the adoption of flexible PCB ensure good conformal properties.
Moreover, the modular design allows the skin to be adapted to robot platforms
with varying shape and morphology [Schmitz et al. 2011].
In spite of the issues discussed above, today we can count on a number of
prototypes providing robots with large-scale, skin-like tactile systems [Cannata et al. 2008]. These devices are characterized by a large number of sensors, which are essential for measuring contacts at high resolution. Dealing
with such a large number of tactile units that can be freely placed on a robot
has revealed a new class of problems, like folding the skin on the surface to
best cover the robot, or the spatial calibration of the tactile elements. The
latter has been defined [Cannata et al. 2010] as the process of finding the location of each tactile element with respect to a known reference frame, after
the skin sensor has been actually fixed on a robot body part. Knowing the location of the tactile elements (i.e., taxels) is fundamental to develop complex
autonomous behaviors, such as quick response to sudden stimuli or compliant human-robot interaction. Unfortunately the precise location of the taxels
is unavailable because the deployment of the tactile device is an imprecise
procedure that is affected by unpredictable displacements in both position
and orientation. Yet, due to the large number of sensing units, the manual
measure of the position of each taxel is tedious and error prone. It is fundamental to realize an automatic or semi-automatic procedure for calibrating
the skin once it is placed on the robot.
The design of robots that are able to learn their own sensory space is not a
new problem. Pierce and Kuipers [1997] introduced the paradigm of a learning agent that is able to infer the structure of its sensorimotor system through
the interaction with the surrounding environment. This work defines a set of
primitives that can be used by a robotic platform to build cognitive maps of
the sensor system. A different approach is followed by Kuniyoshi et al. [2004]
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and Noda et al. [2008], who reconstructed a topological map (rather than a geometric map of taxel locations). Kuniyoshi et al. [2004] presented a method
for building an artificial somatosensory map that reflects the spatio-temporal
correlations between incoming signals from 250 tactile sensors distributed on
the skin of a simulated baby. The result is a map describing the structure of
the robot body rather than a set of positions in the robot space. The work presented by Noda et al. [2008] is somewhat similar to the work of Kuniyoshi
et al. [2004], but it introduces a different approach based on the extraction
of features from correlated sensors and it has been tested with real tactile elements on the robotic platform Robovie-IIF. Also Modayil [2010] used the
correlation between sensors to perform an embedding of sensors, that is, in
this paper, a mapping between the sensors space and a Euclidean space. The
author shows that, after defining a sensor correlation distance, it is possible to
build a representation of sensors that preserve the computed distances, with
the technique of Maximum Variance Unfolding. Although the results show
a reconstruction of the geometry of the sensors placed on a 3D model with
different curvatures and holes, the constructed map does not correspond to
real sensor positions, but it is a scaled version resembling the original shape.
Cannata et al. [2010] proposed an automatic procedure for calibrating a robot
skin, which is based on the compliant motion between a robot and an external
object with known shape. Although the results reported in the paper show the
feasibility of the approach in simulation, this work makes some simplifying
hypothesis and assumes a certain prior knowledge about the environment and,
overall, it seems difficult to replicate on a real robotic platform.
With the sole exception of this last work [Cannata et al. 2010], all the available calibration techniques produce maps that are topological. Unfortunately
for such tactile maps to be useful for control (at least considering the control systems that are commonly implemented in robotics) it is necessary to
provide robots with metric information, rather than only topological.
The major contribution of this chapter is a method for the geometrical calibration of robot skin in 3D space. Our method can be implemented on any
robot platform that is equipped with a sensor that can measure forces and
torques on the part of the body that requires calibration. The experimental
section shows that this technique allows the estimation of the positions of the
taxels with good precision (average error of about 7 mm). This can be further
improved if knowledge of the shape of the robot is available.
The chapter is structured as follows: section 2.2 describes the proposed
method for estimating the taxel positions. Section 2.3 and section 2.4 report
and discuss the results, respectively.
2.2

D E T E R M I N I N G TA X E L P O S I T I O N S T H R O U G H F O R C E / T O R Q U E
SENSOR MEASUREMENTS

The proposed approach is based on the idea that it is possible to determine
where the taxels are placed by applying forces on the sensorized part. In fact,
under some assumptions, by measuring the resulting forces and torques on the
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body part it is possible to determine the point of application of the forces (i.e.,
the contact point). If we apply forces that activate a small set of sensors near
the point of application of the force, the measured point of contact provides
an estimation of the position of the activated taxels.
The problem of determining the contact location, given force and torque
measurements, has been already investigated in the literature [Bicchi et al.
1993a; Eberman and Salisbury 1990]. When arbitrary forces and moments
are applied to a body and only the measures of a single sensor attached to
the body are available, it is hard to derive the contact geometry and, as a
consequence, to determine each contact point. Let us consider for instance a
sensor measuring forces and torques on a rigid body, on which n wrenches
are applied at different locations cu ∈ R3 , u = 1, . . . , n (expressed w.r.t.
the sensor reference frame). The equations relating the forces fcu and the
moments mcu applied to the body, with the force and the moment measured
by the F/T sensor, respectively fM and mM , are:
fM = fb +

n
X

fcu ,

u=1

mM = mb +

n
X

(mcu + cu × fcu ).

u=1

where fb and mb are the internal force and moment due to the weight of the
body (in case the body is moving, also its velocity and acceleration affect
the internal force and moment). In the following we assume that fb and mb
are known, and we define the part of the F/T sensor measure that is due to
external forces as:
fs = fM − fb =

n
X

fcu ,
u=1
n
X

ms = mM − mb =

(mcu + cu × fcu ).

u=1

In the hypothesis that only a single contact point c exists, no torque can be
applied to the body (i.e. mc = 0). In this case, the number of unknowns of
the problem decreases, and some information about the contact point can be
retrieved [Bicchi et al. 1993a]:
fs = fc ,

(2.1)

ms = c × fc .

(2.2)

Notice that in practice the assumption mc = 0 can be easily verified. In fact,
from (2.1) and (2.2) it follows that:
fs ms = 0.

(2.3)
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Figure 2.2: The basic principle on which the calibration is based: the moment at the
F/T sensor is equal to the cross product between the displacement (i.e. the
distance between the F/T sensor and the contact point) and the contact
force.

Now, substituting (2.1) in (2.2) leads to:
ms = c × fs ,

(2.4)

which is a three equation system, where the only unknowns are the three
coordinates of the contact point c. The system can not be completely solved,
because the three equations are not independent. However, we can determine
the axis of the force r:


fs × ms
c∈
+ λfs = r,
∀λ ∈ R,
||fs ||2
where λ is a free variable and ||.|| is the Euclidean norm.
Suppose that we are applying a sequence of pure forces to the sensorized
robot body part; we can define the set of all the h measured wrenches wsi ∈
R6 , i = 1, . . . , h as:
Ws = {ws1 , ws2 , . . . , wsh },
#
"
fsi
ws i =
.
msi
For estimating the position pj of the j-th taxel we can use only the subset of
Ws defined as:
W̃j = {wsi ∈ Ws : i tj > δ},

j ∈ {1, . . . , d}

where d is the number of taxels, i tj is the output of the j-th taxel with respect
to the i-th applied force, and δ is an experimentally determined constant parameter (i.e., a threshold) that is used for discriminating a contact response
from the noise of the sensor.
At this point we have two options for computing the taxel locations starting
from the force axes. The first method, described in Section 2.2.1, does not
require the knowledge of the robot surface. The second method, described in
Section 2.2.2, assumes that we have a mathematical description of the robot
body part, or, in other words, that we only need to determine the position of
each taxel on the surface.
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2.2.1

Contact point estimation without knowing the robot shape

Let us consider an ideal scenario in which a sequence of single point contacts, occurring at different locations ci , activate one taxel at a time. In this
case it is possible to identify the location of a taxel, if more than a single measure – originating from the same taxel – is available. In fact as soon as two
force axes are determined, their intersection locates the taxel. However, the
F/T measures are subject to noise and this may cause errors in the position
and orientation of the force axis. Moreover, the hypothesis of single contact
point does not hold in practice, and an undesired moment mc 6= 0 may introduce further errors in axis estimation. Furthermore, given the resolution of
the skin, around 3 taxels per cm2 in our tests (see Fig. 1.1), different contact
locations can activate the same taxel and provide different contributions to
the estimation of the taxel position.
One way to tackle these issues, is to collect a large number of measures (i.e.,
wrenches) and determine the point that best approximates the intersection of
the related force axes, to finally get an estimate of the real location of the
taxel. We solve this problem using a least squares procedure [Bjorck 1996].
Formally, starting from (2.4) and considering the nj wrenches w̃sr ∈ W̃j ,
r = 1, . . . , nj corresponding to the same taxel j, we can define the following
system of equations:


f˜

S( ||f˜s1 || )

s1


f˜s2
 S( ˜ )
||fs2 ||


..

.


f˜snj
S( ||f˜ || )
s nj
|
{z

[F ×]j ∈R3nj ×3













 pj = − 







m̃s1
||f˜s1 ||
m̃s2
||f˜s2 ||

..
.

m̃snj
||f˜s ||






,




(2.5)

nj

}

|

{z

}

Mj ∈R3nj ×1

where S(v) ∈ R3×3 is the operator performing the cross product v×. We
divided both sides of (2.4) by the module of the force, so as to avoid weighting
the contribution of each axis proportionally to the module of the relative force.
In the end the sum of the squares of the residual is:
Rj (pj ) = || [F ×]j pj + Mj ||2 =

nj 
X
||f˜sr × pj + m̃sr || 2
=
=
||f˜sr ||
r=1

nj 
X
||f˜sr × (r p̂j + r ej ) + m̃sr || 2
=
=
||f˜sr ||
r=1

nj 
X
|| − m̃sr + f˜sr × r ej + m̃sr || 2
=
=
˜s ||
||
f
r
r=1

nj 
nj
X
||f˜sr × r ej || 2 X r 2
=
=
|| ej || ,
||f˜sr ||
r=1
r=1
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Figure 2.3: The j-th taxel estimated position pj obtained with the Least Square Technique. In this case, the estimate is not constrained to be on the surface.

where we decomposed pj into the sum of its projection on the r-th force
axis r p̂j , and its distance from the r-th force axis r ej (see Fig. 2.3). The least
squares estimate of the j-th taxel position p∗j is the point that minimizes the
sum of the squares of the distances from the force axes:

−1
p∗j = argmin Rj (pj ) = − [F ×]Tj [F ×]j
[F ×]Tj Mj ,
pj ∈R3

where we assume that [F ×]j has full rank (i.e. rank([F ×]j ) = 3). This
assumption is reasonable, given the large number of rows of the matrix, and
besides it is easy to verify.
2.2.1.1

Multi-taxel activation

Consider now a more realistic scenario, in which each contact activates more
than a single taxel at the same time. Since the taxels are quite close to each
other (about 5.5 mm from the two centers) this happens most of the time.
Obviously enough, certain taxels are closer than others to the actual contact
point, hence they should not be treated in the same way. This aspect can be
modelled by introducing a weight for each active taxel, that is proportional to
its distance from the contact location. Of course the real distance between the
taxels and the contact point is not known, but we do know that the closer a
taxel is to the contact point, the greater its response. Formally, we can define
the weight associated to the taxel j for the r-th wrench measure in W̃j as:
r

kj =

rt

j

max (r ty )

,

(2.6)

y∈{1...d}

where r ty is the output of the y-th taxel with respect to the r-th wrench in
W̃j , and max (r ty ) is the maximum of all the activated taxel outputs with
y∈{1...d}
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respect to the r-th wrench. We construct a diagonal weighting matrix Kj ∈
R3nj ×3nj whose diagonal elements are r kj (each appearing three times):


1k
j







Kj = 







0

...

0

0

0

0

...

0

0
0
..
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0
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Then we compute the solution of a Weighted Least Squares problem [Bjorck
1996] as:
p∗j = argmin ||Kj ([F ×]j pj +Mj )||2 = − [F ×]Tj Kj2 [F ×]j
pj

∈R3

−1

[F ×]Tj Kj2 Mj .
(2.7)

2.2.1.2

Reference frames

The points p∗j so computed represent the distances between the F/T sensor
and the taxel positions, expressed w.r.t. the F/T sensor reference frame <s>,
which is depicted in Fig. 2.4. If the distance between the taxels and the F/T

Figure 2.4: F/T sensor reference frame <s> and wrist reference frame <w>. The F/T
sensor is located inside the upper part of the iCub arm, hence the two
degrees of freedom of the iCub elbow affect the position of <w> w.r.t.
◦
<s>. In this figure the two joint angles of the elbow (j3 , j4 ) are set to 45
◦
and 0 . The remaining joints j0 , j1 , j2 are located before the F/T sensor
in the arm kinematic chain, hence they affect the position of the whole
arm.

sensor is not constant we can not use (2.7) as it is. However, if we know the
rototranslation between <s> and a reference frame that is fixed to the taxels,
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we can modify (2.7) to take into account this rototranslation. By doing so,
wrenches collected with different arm configurations can be used at the same
time in (2.5). Since we want to calibrate the tactile sensors on the forearm
of the robot, we chose to express the taxel position w.r.t. the wrist reference
frame <w>. Denoting with a v a vector v ∈ R3 expressed in the reference
frame <a>, we represent the points on the wrist reference frame <w>:
s

p = s ow + sw Rw p,

(2.8)

where s ow is the origin of <w> expressed w.r.t. <s>, and ws R ∈ R3×3 is the
rotation matrix from <s> to <w>. Starting from (2.4) and using (2.8) we can
write:
s
s

f × s p = −s m

f × sw Rw p = −s m − s f × s ow ,

where the only unknown is the taxel position w p. Finally the least square
problem in (2.5) can be easily reformulated starting from this new equation.
2.2.2

Contact point estimation knowing the robot shape

v2

e2
v3

e1
e3

v1

Figure 2.5: A triangle composing the surface on which the network of tactile sensors
is mounted.

If we know the shape and the position of the surface where the skin is
placed, we can exploit this information to constrain the taxel position estimates on that surface. A least squares problem in which the unknowns are
required to satisfy a system of equality and inequality constraints may be
solved using a Constrained Least Squares procedure [Bjorck 1996]. In our
case, we know the mathematical description of the V triangles that form a
mesh that approximates the cover of the robot arm. We can force the point
to belong to a triangle by imposing four linear constraints: one equation for
the plane and three inequalities for the three edges of the triangle. For every
triangle v (see Fig. 2.5) we solve a constrained problem with this form:
pvj = argmin ||Kj ([F ×]j pj + Mj )||2
pj ∈R3

s.t.

(ev2 × ev3 )(pj − v1v ) = 0
(ev2 × ev1 )(ev1 × pj ) ≤ (ev1 × v1v )(ev2 × ev1 )
(ev3 × ev2 )(ev2 × pj ) ≤ (ev2 × v2v )(ev3 × ev2 )
(ev1 × ev3 )(ev3 × pj ) ≤ (ev3 × v3v )(ev1 × ev3 )

(2.9)
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where ev1 , ev2 and ev3 are the three edges of the v-th triangle, and v1v , v2v and
v3v are the three vertices of the v-th triangle. In the end, the solution with the
minimum sum of the squares of the residuals is chosen:
p∗j = argmin ||Kj ([F ×]j pj + Mj )||2
pj ∈R3

s.t.

pj ∈ {pvj : v ∈ N, 1 ≤ v ≤ V }

In practice, solving (2.9) for all the V triangles composing the surface mesh
is computationally expensive. We can identify the subset of triangles that are
most likely to result in the minimum squared residuals and solve (2.9) for this
subset only. Of course these are the triangles that are closest to the force axes
associated to the interested taxel. A quick way to determine these triangles is
to solve (2.9) first without considering the constraints, and then consider only
the triangles that are closest to the unconstrained solution.
2.3

E X P E R I M E N TA L R E S U LT S

The two proposed approaches have been tested on the skin of the right forearm of the iCub. The single point contact has been approximated by poking
the robot skin using a metal tool, with a flat square tip. This tool has been
preferred to the human finger because of its small tip (about 4x4 mm), which
on average activates just three taxels at a time, as opposed to seven.
We collected several datasets, each corresponding to a different configuration of the arm. During each data collection the robot was controlled to keep
a fixed position. The external wrench has been computed as the difference between the wrench measured by the F/T sensor and the constant wrench due to
the weight of the arm. Several arm positions have been considered (see Table
2.1), so as to span a significant variety of arm configurations. It is worth notTable 2.1: Joint angles of the shoulder (j0 , j1 , j2 ) and the elbow (j3 , j4 ) set during
the tests. For each joint we also report the range of motion.

D U R AT I O N

j0 (◦ )

j1 (◦ )

j 2 (◦ )

j 3 (◦ )

j4 (◦ )

(min)

-95◦ :10◦

0◦ :160◦

-37◦ :80◦

15◦ :106◦

-90◦ :90◦

1

13

-10

20

20

94

0

2

5

-30

30

0

15

-90

3

4

-30

30

0

35

-40

4

7

-10

20

20

94

0

5

7

-30

30

0

94

0

6

7

-10

20

20

45

0

7

7

-10

20

20

94

-90

N
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ing that only the two elbow joints, j3 and j4 , affect the position of the forearm
with respect to the F/T sensor reference frame.
To assess the two methods, a reference model of the taxel positions has
been compared with the results, measuring the displacement of every taxel
from its expected location.
2.3.1

Single dataset

The data collected in each test (see Table 2.1) have been processed individually with both the proposed methods, leading to quite diverse results, reported
in Fig. 2.6. For the first method the mean error ranges from 8.1 mm to 18.5
mm, with the standard deviation going from 4.2 mm to 8.3 mm. For the second method the mean error ranges from 5.2 mm to 19.3 mm, with the standard
deviation going from 3.1 mm to 13.1 mm. The significant differences between
Single dataset error

Mean error [mm]

40

Without the surface
With the surface
Standard deviation

30
20
10
0

1

2

3
4
5
Dataset Number

6

7

Figure 2.6: Mean and standard deviation of the error of the 84 taxel estimations, computed for every dataset. The red bars show the error of the results obtained
constraining the points on the skin surface, whereas the blue bars represent the error obtained without using the surface. As expected the results
improve when the surface constraint is imposed.

the various datasets can be attributed to the F/T measurements, whose precision varies depending on the magnitude of the forces and torques that are
measured. These, in turns, depend on the arm configuration. By comparing
the two methods it is clear that constraining the points on the skin surface
generally improves the results, even if in one case (dataset 2) the opposite
occurs.
2.3.2

All datasets

If all the estimated taxel positions are represented with respect to the same
reference frame, it is possible to compute their average to derive a more accurate estimation. This was computed iteratively. In other words at each step
the taxel positions found using a new dataset were averaged with the current
position estimations (see Fig. 2.7, 2.8). To weight each estimation we used
the sum of all the weights defined in (2.6). The results of the average for both
the proposed methods are depicted in Fig. 2.9. In both cases the quality of the
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Figure 2.7: This figure shows, starting from the top-left corner, the incremental estimations of the taxel positions obtained without constraining the points
on the skin surface. At each step the taxel positions found using a
new dataset were averaged with the current position estimations. In the
bottom-right corner there is the reference model. The forearm is seen
from the front.

Figure 2.8: This figure shows, starting from the top-left corner, the incremental estimations of the taxel positions obtained without constraining the points
on the skin surface. At each step the taxel positions found using a
new dataset were averaged with the current position estimations. In the
bottom-right corner there is the reference model. The forearm is seen
from the top.

2.3 E X P E R I M E N TA L R E S U LT S
Incremental dataset error

Mean error [mm]

25

Without the surface
With the surface
Standard deviation

20
15
10
5
0

5

6

1
7
4
Dataset Number

2

3

Figure 2.9: Mean and standard deviation of the error of the 84 taxel estimations computed after the estimation from each dataset is incrementally averaged.
The red and blue bars show the error of the results obtained respectively
with or without constraining the points on the skin surface. The estimation improves as more data are computed. The final mean error is 6.6 mm
for the “surface case”, and 7.2 mm for the “no surface case”. The max
error is 18.5 mm without the surface and 19.4 mm with the surface.

result improves as more data are added to the average, leading to a final average error of 7.2 mm for the first method and 6.6 mm for the second method.
As expected the precision of the results improves when the knowledge of the
surface is employed to constrain the solution of the minimization.
It is worth noticing that for the first method the final error (mean 7.2 mm,
standard deviation 3 mm) is better than the best of the errors obtained from the
single datasets, (mean 8.1 mm, standard deviation 4.2 mm). For the second
method this did not happen, because the final error (mean 6.6 mm, standard
deviation 2.9 mm) is worse than the error obtained with the single dataset 7
(mean 5 mm, standard deviation 3.1 mm). Nonetheless, considering the wide
range of errors resulted from the single datasets – up to 19.3 mm – the error
obtained merging all the estimations can still be regarded favorably.

Figure 2.10: Final taxel position estimations obtained constraining the points on the
skin surface. As reference, the edges of the seven skin triangles are
drawn over the forearm surface. The same colors are used to draw the
triangles and the corresponding (estimated) taxels. Two views of the
same result are depicted, to better show the taxel positions.
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Figure 2.11: Final taxel position estimations obtained without constraining the points
on the skin surface. As reference, the edges of the seven skin triangles
are drawn over the forearm surface. The same colors are used to draw
the triangles and the corresponding (estimated) taxels. Three views of
the same result are depicted, to better show the taxel positions.

Finally, to better visualize the results, in Fig. 2.10 and 2.11 we plot the
estimated taxel positions obtained using all the datasets, respectively with
and without constraining the points on the arm surface.
2.3.3

Error analysis

To complete the assessment of the methods, some words should be spent
regarding the sources of error. The quality of the taxel position estimation
depends on several aspects, and most of them resides in the robotic platform
rather than in the method itself. First of all, errors in the force and torque
measurements, respectively εm and εf , directly affect the estimate, turning
equation (2.4) into:
ms + εm = ĉ × (fs + εf ).
Hence the estimated force axis is equal to:


(fs + εf ) × (ms + εm )
ĉ ∈
+ λ(fs + εf ) = r̂.
||fs + εf ||2
Clearly if εm and εf are too large the estimated force axis will be too distant
from the contact point, resulting in a large error in the taxel position estimations. We can compute the distance between the estimated force axis r̂ and
the real contact point c as a function of the force and torque measure errors:
d(c, r̂) =

||(fs + εf ) × (c −

(fs +εf )×(ms +εm )
)||
||fs +εf ||2

||fs + εf ||

.
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Another contribution to the error comes from the elasticity of the robotic structure that damps the applied forces and torques thus altering the measurements.
Although it can be compensated, at the time of this work, a model of the
elasticity of the robot was unavailable and the measurements could not be
adjusted.
Uncertainties in the kinematic model of the robot affect the position estimate too. As it can be seen in (2.8), to use all the datasets taken in different
poses of the robot arm, the taxel positions have to be expressed w.r.t. a common fixed reference frame. An error in the transformation between the F/T
sensor reference frame and the common reference leads to a wrong estimate
of the taxel position.
The proposed approach makes some hypotheses that do not hold completely in a real scenario. Although the robot has been poked with a small
tip tool, the contact type is surely not a single point contact, thus introducing further uncertainty in the localization. Moreover, the method estimates
the taxel positions by trying to find the point that best approximates the intersection among axes of different forces. If the axes are almost parallel the
problem is ill-posed, thus much more sensitive to errors in the input data.
2.4

CONCLUSIONS AND FUTURE WORK

This chapter describes two methods for the estimation of the position of tactile sensing elements on robot body parts. Differently from previous works
[Kuniyoshi et al. 2004; Modayil 2010; Noda et al. 2008], these methods estimate not only the network topology, but also the location of each sensor with
respect to a known reference frame. This is a crucial point if the sensor data
have to be integrated with other information (e.g. kinematics, force/torque
measurements) for controlling the robot or estimating its state.
The first presented approach does not require the knowledge of the robot
surface. By averaging the results of the estimation from different arm configurations, this procedure allows to determine the position of each taxel with
an average error of 7.2 mm. This can be further reduced to 6.6 mm in case
the shape of the robot surface is known, as it can be appreciated qualitatively
by looking at the reconstruction in Fig. 2.10. These results are remarkable,
considered that the calibration requires few hypotheses and that it is carried
out on a real robot, using noisy data (i.e. the robot kinematics and the F/T
sensor measures). The second approach assumes that a mathematical description of the surface on which the skin is placed is available, so as to constrain
the taxel position estimations on it. This assumption is reasonable, since the
surface of the robot can be derived once from the CAD model of the robot,
and it is independent of how the skin is mounted.
As it can be noticed in Fig. 2.11 the contact areas are not localized precisely,
but the neighboring relationships between taxels are preserved (i.e. taxels that
are neighbors in the real sensor network are neighbors in the network reconstruction too). The precision achieved is sufficient for localizing the contact
points and estimating the external contact forces, as it will be explained in

The average
calibration error is
about 7 mm.

The calibrated tactile
sensors allowed us
to estimate contact
forces and
implement force
control paradigms.
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chapter 3. This is important information that has been used to implement
force control, parallel control and hybrid control, as reported in chapter 4.
The causes of the errors, as discussed in Section 2.3.3, are mainly related to
noisy force/torque measurements and to interaction events that involve more
than a single contact point. In the reported experiments, the interaction forces
were produced manually using a tool with a small tip to make sure that the
contact activated a small number of taxels. As a result, the data collection
was quite tedious and time consuming. We plan to make the calibration completely autonomous. To enforce the hypothesis that contacts occur only at
single points it is possible to proceed along two directions. First, by checking
that contacts indeed occur only at few (or even just one) taxels, and filter all
the contact events that do not satisfy this hypothesis. Second, by maximizing
the chance that this kind of events occurs. Along the lines of [Cannata et al.
2010], we are planning to implement a motion control law that controls the
robot so that it comes into contact with a small, fixed object. In this scenario
both the proposed calibration methods are applicable. The advantage of an
autonomous procedure is that it would allow to collect a larger amount of
data, which would help to improve the quality of the final results.
We are also investigating the possibility to add other constraints to the problem formulation in order to improve the precision of the final results. Instead
of specifying the exact surface on which the skin is mounted, we could simply constrain that surface to be smooth. Moreover, since we know that the
distance between neighboring taxels is within certain limits (approximately 4
mm to 6 mm), we could use this information as a constraint.
Finally, the 84 taxels located on the upper part of the iCub forearm sufficed
to test the presented approaches. Nonetheless, the iCub is equipped with a
much larger amount of tactile elements, covering the arms and torso, and
even more are going to be mounted on it. The proposed calibration procedure
has been used on all the tactile sensors located on the iCub’s arm (which are
about 1500 taxels). The tactile sensors on the torso of the robot has not been
calibrated yet because, at the moment, it is not possible to measure contact
forces applied on the iCub’s torso.

3

C O N TA C T F O R C E E S T I M AT I O N S U S I N G TA C T I L E
SENSORS AND FORCE/TORQUE SENSORS

In this chapter we present a numerical method, based on the recursive NewtonEuler algorithm (RNEA), to estimate forces and moments applied to a robotic
chain. The method uses a six axis force/torque (F/T) sensor, located at the
base of the kinematic chain, together with a tactile sensor network, which covers most of the surface of the robot. The tactile sensors measure the contact
locations, whereas the F/T sensor measures the magnitude and the direction
of the contact forces. We show that the number of contacts that is possible to
estimate reliably is strictly dependent on the amount of information retrieved
from the sensors. When this critical number is exceeded, infinite solutions
satisfy the estimation problem, though, in some cases, we can choose one of
the possible solutions and draw the probability distribution of its error.
3.1

I N T RO D U C T I O N

In most robotics applications, robots come into contact with the environment
just with their end-effectors. Nevertheless, robots could benefit from making
contacts with other parts of their bodies, in the same way humans do when
performing tasks such as writing, carrying heavy objects, or balancing.
This lack is mainly due to the fact that nowadays most robots do not have
an artificial skin that allows them to detect and localize contacts. Either joint
torque sensors or 6 axis F/T sensors are usually used to provide contact feedback to robots. However, with these sensors it is not possible to retrieve the
exact contact location, unless we make strong assumptions about the contact
(e.g. zero moment applied, known force direction). Moreover, the wrench (i.e.
force and moment) that is applied at the contact point cannot be measured, unless the contact location is somehow known. Often these applications focus
on controlling the joint torques rather than the contact wrenches, but this approach is not generally applicable because it does not control the interaction
wrenches.
In the end, force control applications suffer from at least one of these limitations:
• the contact point has to be fixed and known a priori (usually the endeffector)
• the geometry of the robot and the environment have to be known
• it is not possible to control the contact wrenches, but just the joint
torques
Sentis et al. [2009] presented a theoretical framework to model and control
robots that are subject to multiple contacts, but the authors do not discuss how
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to localize the contacts and estimate the contact forces/pressures. Park and
Khatib [2005] presented a compliant motion control framework for multiple
contacts and they tested it with a PUMA560 manipulator. In the experiments
the geometry and the stiffness of the environment are assumed to be known a
priory in order to compute the contact points and the contact forces. A probabilistic approach has been proposed in [Petrovskaya et al. 2007], in which the
authors used an active sensing strategy to estimate at the same time the shape
of the robot and the contact point. Nevertheless, they tested the method only
with extremely simple geometries of robot and environment (the environment
was a point and the robot link was a line) and the authors said that, for more
complex geometries, more sophisticated active exploration strategies would
likely be needed.
When both tactile sensors and F/T sensors are available, we can estimate
contact locations and contact wrenches, and so implement reliable contact
force control. In this paper we present a method to estimate internal and external wrenches that is based on the well-known Recursive Newton-Euler Algorithm (RNEA) [Siciliano and Khatib 2008]. We implemented the method
as an extension of the library iDyn [Ivaldi et al. 2011], and we tested it on the
iCub humanoid robot [Metta et al. 2008]. We assume to know the kinematics
and dynamics parameters of the robotic chain and the position of each tactile
sensor (we calibrated the tactile sensors using the method described in chapter 2). Also the joint positions, velocities and accelerations are assumed to
be known. We computed joint velocities and accelerations through numerical
differentiation of the joint positions, using the first-order adaptive windowing method described in [Janabi-Sharifi 2000]. The first step of the proposed
algorithm is unmodified with respect to the standard RNEA: it computes velocities and accelerations of all the links starting with the known velocity and
acceleration of the chain base (either the base is fixed or an inertial sensor is
necessary). In the second step we solve a system of linear equations to estimate the contact wrenches. Finally the classic recursive wrench propagation
is computed in order to compute internal wrenches and joint torques.
Section 3.2 explains how to build and solve the linear system for estimating the contact wrenches. Section 3.3 discusses the capabilities and the limitations of the presented method, looking at some future extensions.
3.2

METHOD

Let us consider a kinematic chain composed by N links, having a F/T sensor
at the base (see Fig. 3.1), where wi is the wrench (i.e. a six dimensional vector
containing a force and a moment) exerted from link i to link i+1, p̈ci is the
acceleration of the center of mass of link i and mi is the mass of link i. Note
that p̈ci contains also the gravity acceleration. We know w0 (i.e. the F/T sensor
measure), the contact locations r0,ei , and we want to estimate the K contact
wrenches we1 , . . . , weK .

3.2 M E T H O D
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Figure 3.1: Generic kinematic chain with F/T sensor at the base.

Writing Newton’s equation for each link and recursively substituting the
internal forces we get:
f0 +

K
X

fei =

i=1

N
X

mi p̈ci

(3.1)

i=1

We can do the same with Euler’s equation:
µ0 +

K
X

(µei + r0,ei × fei ) =

i=1

N
X

(r0,ci × mi p̈ci + Iii ω̇i + ωi × Iii ωi ), (3.2)

i=1

where Iii is the inertia of link i, ωi and ω̇i are the angular velocity and acceleration of link i, and r0,ci is the vector connecting the chain base to the center of
mass of link i. Given that the joint positions, velocities and accelerations are
assumed to be known, the only unknowns in (3.1) and (3.2) are the contact
wrenches. The estimation problem may be solved rewriting these equations
in matrix form Ax = b, where x ∈ Ru contains all the u contact unknowns,
whereas A ∈ R6×u and b ∈ R6 are completely determined. For instance, in
case of two external contact wrenches, the system is:
 
f
#
"
#  e1  "
PN

I
0
I
0 
m
p̈
µ
−f
+
i
c
e1
0
i
i=1
 =
P
 
i
i
−µ0 + N
S(r0,e1 ) I S(r0,e2 ) I  fe2 
i=1 (r0,ci × mi p̈ci + Ii ω̇i + ωi × Ii ωi )
µe2
where S(v) ∈ R3×3 is the operator performing the cross product v×. Building the system we may consider three different types of contacts, depending
on our priors:
WRENCH

: 6 unknowns, we , no priors

: 3 unknowns, fe , the moment is known (usually it is supposed to be zero)

PURE FORCE

: 1 unknown, ||fe ||, both the force direction and the moment are known

FORCE MODULE

The pure force contact can be used to reduce the number of unknowns when
the contact area is considered so small that almost no moment can be applied.
The force module contact can be used if the tactile sensors can measure the
contact force direction.
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3.2.1

Building A

The matrix A is built by adding columns for each contact. For every unknown
wrench n we add 6 columns to A:
"
#
I
0
S(r0,en ) I
For every unknown pure force n we add 3 columns to A:
"
#
I
S(r0,en )
For every unknown force module n we add 1 column to A:
#
"
ûn
r0,en × ûn
where ûn is the versor of the contact force fen , defined as ûn =
3.2.2

fen
||fen || .

Building b

The 6 dimensional vector b is defined as:
" # "
#
fb
feT ot
b=
=
µb
µeT ot − µeKnown
where µeKnown is the sum of the known external moments applied to the
robotic chain (usually zero), whereas feT ot and µeT ot are defined as:
feT ot = −f0 +
µeT ot = −µ0 +

N
X

mi p̈ci

i=1
N
X

(r0,ci × mi p̈ci + Iii ω̇i + ωi × Iii ωi )

i=1

3.2.3

Solving the system

Once A and b have been computed, we can distinguish two cases. If the number of unknowns is less than or equal to the rank of A, then there is a unique
x∗ that minimizes the square error residual:
x∗ = argmin ||Ax − b||2
x∈Ru

On the other hand, if the number of unknowns is bigger than the rank of A
then the system admits infinite solutions. Unless we have some priors about
the external wrench distribution, a reasonable choice is to select the solution
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that minimizes the norm of x, which is the solution that equally distributes
the total external wrench among all the external contacts.
x∗ = argmin ||x||2
x∈Ru

s.t.

Ax = b

In both cases the solution x∗ may be computed as:
x ∗ = A+ b
where A+ is the Moore-Penrose pseudoinverse of A.
The method has been implemented as part of the iDyn library (called iDynContact) and it has been integrated with other software modules to create an
efficient software system to estimate internal and external wrenches of the
whole iCub robot. The estimated contact wrenches, together with a model of

Figure 3.2: Gui depicting the iCub robot and the estimations of the contact forces as
red arrows.

the robot, can be depicted in real time in a gui, as it can be seen if Fig. 3.2.
3.3

DISCUSSION AND CONCLUSIONS

When only one contact is detected, the presented method can easily estimate
the contact wrench. When two contacts are detected the number of unknowns
in the linear system is twice the number of equations, so the contact wrenches
are poorly estimated. To reduce uncertainties, if the contact areas are small, it
is reasonable to assume that the applied moments are zero, so that the number
of unknowns drops from 12 to 6. Unfortunately, when we do this, the rank of
A drops from 6 to 5 (because the cross product matrix is rank deficient), so
the system still admits infinite solutions and it takes this form:
"
#" # "
#
P
I
I
fe1
−f0 + N
mi p̈ci
i=1
=
P
i
i
S(r0,e1 ) S(r0,e2 ) fe2
−µ0 + N
i=1 (r0,ci × mi p̈ci + Ii ω̇i + ωi × Ii ωi )
However, we carried out a numerical and analytical analysis, simulating random forces with norm uniformly distributed in [0, K] Newton. We found out
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that the norm of the error of the estimated forces was distributed as a unilateral Gaussian, with zero mean and standard deviation equal to about K/4.
That is equivalent to say that the error of the estimate of the two forces, in
norm, is less than K/4 with probability 0.68, and less than K/2 with probability 0.95.
Whenever more than two contacts are detected, it is impossible to get a reliable estimate of the contact wrenches without imposing some constraints to
the system. Noticing that contact forces are almost always directed towards
the robot (i.e. pushing) and quasi-normal to the robot surface, we may constrain the force estimations to lie inside a cone built around the normal of the
contact surface.
Additional information regarding the force direction and magnitude may
be retrieved through the tactile sensors. For instance, with appropriate technology we may be able to estimate the directions of the contact forces with
the tactile sensors. In this case the only unknown left would be the force intensity, so up to six contact forces could be estimated reliably (considering
zero contact moments).
In the next year, we plan to extend this estimation method in two directions:
types of sensors and estimated quantities. Currently, the estimation process
exploits only 6-axis force/torque sensors and tactile sensors, but other sensors have recently been — or are soon going to be — mounted on the iCub,
such as accelerometers, gyroscopes, and joint torque sensors. The mathematical method used for estimating contact forces is going to be generalized to
consider this additional information, and to estimate other quantities, such as
velocities and accelerations of joints and base of the robot. In particular, for
each joint torque sensor we can add a linear equation to the system, increasing
the number of unknowns that can be estimated reliably.

Part II
C O N T RO L

C O N T R O L O F C O N TA C T F O R C E S : T H E R O L E O F
TA C T I L E F E E D B A C K F O R C O N TA C T L O C A L I Z AT I O N

This chapter investigates the role of precise estimation of contact points in
force control. This analysis is motivated by scenarios in which robots make
contacts, either voluntarily or accidentally, with different parts of their body.
Control paradigms that are usually implemented in robots with no tactile system, make the hypothesis that contacts occur at the end-effectors only. In this
chapter we try to investigate what happens when this assumption is not verified. First we consider a simple feedforward force control law, and then we
extend it by introducing a proportional feedback term. For both controllers
we find the error in the resulting contact force, that is induced by a hypothetic
error in the estimation of the contact point. We show that, depending on the
geometry of the contact, incorrect estimation of contact points can induce undesired joint accelerations. We validate the presented analysis with tests on
a simulated robot arm. Moreover we consider a complex real world scenario,
where most of the assumptions that we make in our analytical derivation do
not hold completely. Through tests on the iCub humanoid robot we see how
errors in contact localization affect the performance of a parallel force/position controller. In order to estimate contact points and contact forces on the
forearm of the iCub we do not use any model of the environment, but we
exploit its 6-axis force/torque sensor and its sensorized skin.
4.1

I N T RO D U C T I O N

After decades of research in robotics, robots are still a long way off being able
to operate in human environments. The inability to deal with uncertainties in
the geometry of the environment is maybe the major limitation that prevents
robots from safely interacting with humans.
Research has tried to tackle this problem at the control level. Traditional
stiff position control tries to follow a desired position trajectory considering
external forces as disturbances, hence large contact forces may be exerted,
leading to instability or physical damage. Controlling the interaction forces
has been shown to be a powerful technique to overcome these limitations. In
the literature we can find different approaches to force control: explicit force
control, impedance/admittance control [Hogan 1985], hybrid control [Khatib
1987], hybrid impedance control [Anderson and Spong 1988], parallel control
[Chiaverini and Sciavicco 1993].
Nevertheless, most of these works have only focused on controlling forces
that are exerted at the end-effectors, namely the hands for manipulation tasks
and the feet for walking. Restricting contacts to end-effectors is a quite strong
assumption, since i) uncertainties in the environment may result in unplanned
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contacts at other body parts, and ii) contacts at other body parts may be necessary to perform certain tasks. If you are reading this thesis, for instance, you
are likely to be making contact with the environment with at least four points
that are not end-effectors: bottom and back against the chair, and elbows on
the desk.
Some works do not make any assumption about the contact location, trying to control the joint torques rather than the contact forces. This approach
ensures bounded contact forces, but do not allow a real contact force control. Various theoretical frameworks for modeling and control of robots that
are subject to multiple contacts have been proposed [Park and Khatib 2006;
Righetti et al. 2011a; Sentis et al. 2009], but they have not gone beyond endeffector contacts when tested on real platforms.
What has really prevented contact force control from spreading in robotics
is the lack of robust contact force measurements, that is the ability to measure multiple contact forces and their locations on the robot’s body. Gordon
et al.[Gordon and Townsend 1989] have verified that it is not possible to obtain high-resolution contact-position measurements from only joint torque
sensing. In this scenario a tactile system becomes paramount.
Despite these difficulties, in the literature we can find some examples of
contact force control. In [Park and Khatib 2005], Park et al. presented the first
implementation of multi-link multi-contact force control, with demonstration
on a 6-DOF PUMA560 manipulator. The robot was able to control three contact forces, distributed on its end-effector and third link, while motion was
controlled in the remaining three DOFs through null space control. Due to
the limited sensing capabilities of the test platform, the measure of contact
forces and contact locations required i) an external force sensor mounted on
one of the contact points and ii) geometric models of both robot and environment. Relying on geometric models is risky because modeling uncertainties
may cause the controller to perform inconsistently in response to small errors.
In [Jain et al. 2011], the authors describe a model predictive controller
(MPC) that allows a robot arm to reach with its end-effector, while regulating
contact forces across its entire surface. This work exploits tactile sensing, it
does not use a model of the environment and it handles contacts at unpredictable locations.
Motivated by works such as [Park and Khatib 2005] and [Jain et al. 2011],
in this chapter we evaluate analytically the impact of errors in the contact
point estimation on the performance of contact force control. Even though
the effect that errors in the estimation of contact location have on contact
force control is not surprising, to the best of our knowledge this is the first
analytical analysis of their relationship. First, in section 4.2.1, we consider
a simple feedforward force control law and we derive the equations relating
the error in the estimation of the contact point with the errors in the contact
force and the joint accelerations. Then, in section 4.2.2, we consider a proportional feedback force control law and we repeat the same analysis. Finally, we
extend our analysis to a complex real world case, where most of the assumptions that we make in the analytical derivation do not hold. In section 4.2.3

4.2 C O N TA C T F O R C E C O N T R O L

we describe a parallel control law that is used to carry out an empirical analysis on the iCub humanoid robot. Section 4.3 reports the results of the tests,
both in simulation and on the real robot. The importance of tactile sensing
is confirmed by both our analytical analysis and our empirical results, which
demonstrate a clear improvement in force and position errors. Finally section
4.4 discusses the results of the tests and future work.
4.2
4.2.1

C O N TA C T F O R C E C O N T R O L

Feedforward Force Control with Contact Point Estimation Error

In this section we compute the error in the wrench that is controlled at the
contact point, resulting from an error in the estimation of the position of the
contact point. Consider the equation of motion of a rigid manipulator in contact with the environment [Siciliano and Khatib 2008]:
M (q)q̈ + h(q, q̇) − Jc (q)T w = τ,

(4.1)

where q ∈ Rn is the vector of joint coordinates, τ ∈ Rn is the vector of
joint torques, M (q) ∈ Rn×n is the joint space inertia matrix, h(q, q̇) ∈ Rn
is the vector containing all the non-linear terms (e.g. Coriolis, centrifugal and
Jc (q) ∈ R6×n is the Jacobian of the contact point and wT =
hgravity terms),
i
6
f T µT ∈ R is the contact wrench vector. In the following, dependency
upon q and q̇ is no longer denoted to simplify notation. We assume that the
manipulator is in rigid contact with the environment and that there are k ≤ 6
constrained directions (i.e. rank(Jc ) = k), hence:
ẋc = Jc q̇ = 0
ẍc = Jc q̈ + J˙c q̇ = 0
Under these assumptions, the contact wrench w can be computed as [Mistry
et al. 2010]:
w = (Jc M −1 JcT )−1 (Jc M −1 (h − τ ) − J˙c q̇) =
= Λc (Jc M −1 (h − τ ) − J˙c q̇),

(4.2)

where we defined the constraint space inertia matrix as Λc = (Jc M −1 JcT )−1 .
Consider a simple feedforward force control law:
τ ∗ = −J T wd + h̃ − JcT Λ̃c J˙c q̇,
h
where τ ∗ ∈ Rn are the control torques, wdT = fdT

(4.3)
i

6
µTd ∈ R is the desired

contact wrench, h̃ and Λ̃c are the estimates of h and Λc , and J ∈ R6×n is
another Jacobian of the contact point that considers also the non-constrained
directions. Assuming perfect modeling of the dynamic parameters (i.e. h̃ = h,
Λ̃c = Λc ), perfect tracking of the joint torques (i.e. τ = τ ∗ ), and assuming
that the contact geometry allows the manipulator to exert wrench in the desired direction (i.e. J T wd = JcT wd ), this control law results in w = wd (it is
easy to prove it by substituting (4.3) into (4.2)).
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In order to simplify the analysis, in the following we will assume that the
manipulator moves slowly, so that J˙c q̇ ≈ 0. This assumption is reasonable if
we add a damping term to our control law, which then becomes:
τ ∗ = −J T wd + h̃ − kd q̇,

(4.4)

where kd > 0 is a scalar gain. Suppose now that there is an error ep ∈ R3 in
the estimate of the contact position and an error eo ∈ R3 in the estimate of
the contact orientation:
" #
e
p̄ = p + p ,
eo
where p ∈ R6 is the real contact point and p̄ ∈ R6 is the estimated contact
point. Assuming that p and p̄ are on the same link, their Jacobians are related
by this equation:
"
#
I
−[e
×]
3×3
p
J¯ =
J = S(ep )J,
03×3
I3×3
where [ep ×] ∈ R3×3 is the cross product matrix parametrized by the vector
ep . The torques computed by the control law (4.4) are:
τ̄ ∗ = −J¯T wd + h̃ − kd q̇
= −J T S(ep )T wd + h̃ − kd q̇
"
#!
03
T
= −J
wd +
+ h̃ − kd q̇
ep × fd

(4.5)

= −J T wd − JaT ep × fd + h̃ − kd q̇
= τ ∗ − JaT ep × fd
where
Ja i∈ R3×n is the angular part of the contact point Jacobian J T =
h
JlT JaT . Substituting (4.5) into (4.2) we can compute the contact wrench
at steady-state (i.e. when q̇ = 0):
w = Λc Jc M −1 (J T wd + JaT ep × fd − h̃ + h)
= wd + Λc Jc M −1 JaT ep × fd
= wd + JcT + JaT ep × fd

(4.6)

= wd + ewf f
where JcT + = Λc Jc M −1 is the dynamically-consistent pseudo-inverse of JcT
[Khatib 1987]. Substituting (4.6) and (4.5) into (4.1) we can compute the joint
accelerations:
q̈ = M −1 (τ +JcT w−h) = −M −1 (I−JcT JcT + )JaT ep ×fd = −M −1 Nc JaT ep ×fd
(4.7)
Eq. (4.6) and (4.7) clearly express the relationship between the contact point
estimation error, ep , and the errors resulting from the control law (4.3). These
equations are quite complex, but we can note that:

4.2 C O N TA C T F O R C E C O N T R O L

1. both ewf f and q̈ contain the term JaT ep × fd , which is the error induced
by ep in the commanded torques
2. the part of JaT ep ×fd that is selected by JcT + affects the contact wrench,
whereas the remaining part, selected by the null space projection matrix
of Jc , generates joint accelerations
3. both ewf f and q̈ depend on the desired force fd , but they are independent of the desired moment µd (this makes sense since the relationship
between the contact moment and the joint torques does not depend on
the contact point);
4. if the desired force fd is parallel to the contact point estimation error
ep then both ewf f and q̈ are zero;
5. in case we cannot have a precise estimate of the contact point, but we
can set an upper bound on ||ep ||, then it is possible to compute an upper
bound of ||ewf f || and ||q̈|| as a function of the maximum norm of fd and
the norm of the dynamically-consistent pseudo-inverse of the contact
point Jacobian (which depends on the robot kinematics and dynamics
parameters).
4.2.2

Feedback Force Control with Contact Point Estimation Error

While in theory a feedforward control law such as (4.4) should achieve the desired contact force, in practice we know that this is not true. Different sources
of error (e.g. dynamic parameters, actuator dynamics, contact point estimation) affect the control action, resulting in errors in the controlled quantity.
Often these unknown errors are modeled as an additive disturbance d ∈ Rn ,
acting at joint torque level (see Fig. 4.1):
τ = τ ∗ + d,
where τ ∗ ∈ Rn are the desired joint torques. Applying the control law (4.4),

d
Controller

τ

∗

+
+

τ

Robot

w
Figure 4.1: Scheme representing the relationship between the disturbance d, the control action τ ∗ and the joint torques τ .

the resulting contact wrench is then affected by the disturbance d:
w = wd − JcT + d
In particular, we have seen in the previous section that in case of an error
in the contact localization, the resulting disturbance at joint torque level is
d = −JaT ep × fd . In general, assuming that we can measure the contact
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wrench w, we can then reduce the effect of the disturbance d by introducing
a proportional feedback term in the control law, so that it becomes:
τ ∗ = −J T (wd + kp (wd − w)) + h̃ − kd q̇,

(4.8)

where kp > 0 is a scalar proportional gain. Using this new control law the
contact wrench becomes:
w = wd + JcT + J T kp (wd − w) − JcT + d
(1 + kp )w = (1 + kp )wd − JcT + d
1
J T + d,
w = wd −
1 + kp c
where we used the fact that J T wd = JcT wd and J T w = JcT w. The first is the
same assumption that we made in the previous section, whereas the second
is always true since, by definition, wrench can be applied in the constrained
directions only. By tuning kp we can reduce the effect of the disturbance as
much as we like. This proves that a feedback term is able to reduce the effect
of errors that can be modeled as additive input disturbances.
Now let us analyze whether a feedback term may be of help in case of
errors in the estimation of the contact point. Suppose, as before, that there is
an error ep in the estimate of the contact point. Besides affecting the Jacobian
of the contact point, ep may induce an error in the wrench feedback too. In
particular, since we measure the contact wrench using a 6-axis F/T sensor
(we follow the procedure described in [Fumagalli et al. 2010]), the wrench
measurement can be expressed as:
"
#
03
w̄ = w −
= w − ew
ep × f
We can compute the commanded torques:
τ̄

= J¯T (wd − kp (w̄ − wd )) + h̃ − kd q̇
= J T S(ep )T (wd − kp (w − ew − wd )) + h̃ − kd q̇
= J T (wd + ewd − kp (w − wd − ewd )) + h̃ − kd q̇
= (1 + kp )J T (wd + ewd ) − kp J T w + h̃ − kd q̇

h
i
where eTwd = 0T3 (ep × fd )T . As before, we can compute the contact
wrench at steady-state using (4.2):
w = Λc Jc M −1 ((1 + kp )J T (wd + ewd ) − kp J T w)
(1 + kp )w = (1 + kp )JcT + J T (wd + ewd )
w = wd + JcT + J T ewd

(4.9)

w = wd + JcT + JaT ep × fd ,
which is equal to the wrench we obtained with the feedforward control law,
that is (4.6). Interestingly, the wrench does not depend on kp and the intro-
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ew
Figure 4.2: Control scheme with a disturbance d on the input joint torques, and a
disturbance ew on the wrench feedback.

duction of the feedback term does not help to decrease the error. This is due
to the fact that contact point estimation errors cannot be modeled as an additive input disturbance (as depicted in Fig 4.1), because they also affect the
wrench feedback w. To model these errors we must also include an additive disturbance on the wrench feedback, as depicted in Fig. 4.2. In general,
considering a disturbance d on the control torques, a disturbance ew on the
wrench feedback and the proportional feedback control law (4.8) we get:
w = wd −

kp
1
ew −
J T +d
1 + kp
1 + kp c

Increasing kp we can reduce the error induced by d, but at the same time we
also increase the error induced by ew , so in general there is no way to get
w = wd . The joint accelerations induced by ep can be computed as before:
q̈ = (1 + kp )M −1 NcT JaT ep × fd ,
which are the same as in the feedforward control law, but multiplied by (1 +
kp ).
The situation is different in case only force is controlled, because the force
feedback is not affected by ep :
τ̄

= J¯lT (fd − kp (f − fd )) + h̃ − kd q̇
= (JlT + JaT [ep ×])(fd − kp (f − fd )) + h̃ − kd q̇
= (1 + kp )J¯T fd − kp J¯T f + h̃ − kd q̇,
l

l

where Jl ∈ R3×n is the linear part of the Jacobian. Substituting this into (4.2):
w = JcT + ((1 + kp )J¯lT fd − kp J¯lT f )
w + kp JcT + J¯T f = (1 + kp )JcT + J¯T fd
l

l

kp
1
w+
J T + J¯lT f = JcT + J¯lT fd
1 + kp
1 + kp c
As kp goes to infinity, this equation goes to:
JcT + J¯lT f = JcT + J¯lT fd
If JcT + J¯lT is not singular, this implies f = fd . Differently from the previous
case, the introduction of a feedback term helps to reduce the error. This is
due to the fact that the measured force is not corrupted by the error in the
estimation of the contact point, while the moment is.
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4.2.3

Parallel Force/Position Control

In real world applications most of the assumptions that we made in the previous derivation do not hold: i) contacts are not perfectly rigid, ii) the dynamic
parameters of the robot are not perfectly estimated, iii) the contact geometry
may not allow the manipulator to apply force in the desired direction. Moreover, robots rarely have to control contact forces only, but they are typically
concerned with both position and force at the same time. To investigate the
role of precise contact point estimation in a real complex scenario we take a
practical approach. In this section we present a parallel control law that will
be used on a real robot to see how performances degrade as we introduce
errors in the contact point estimation.
The target task is to make the robot slide against an irregular unknown object applying a controlled force and moving the end-effector along a desired
path. Given the uncertainties in the environment geometry, the specified path
is almost surely incompatible with the desired intensity of the contact force,
so the control law has to balance position errors and force errors. We start
with one of the parallel control laws presented in [Chiaverini and Sciavicco
1993], that is the superposition of a PD position controller and a PI force
controller:
τ

= J T (F − fd ) − kd q̇ + h
Z

F

T

= kp (xd − x) − kf (fd − f ) − ki

(fd − f )dt
0

where we simply replaced the cartesian velocity term with a joint velocity
term, which ensures joint space stability in case the robot is redundant w.r.t.
the control task. The integral term in the force controller ensures dominance
of the force loop over the position loop. We need to modify this control law
because, differently from [Chiaverini and Sciavicco 1993], the interested position and force are relative to two distinct points: the end-effector x and the
contact point c. The modified control law is:
τ = JcT (Fc − fd ) + J T Fp − kd q̇ + h
Fp = kp (xd − x)
Z
Fc = −kf (fd − f ) − ki

(4.10)

T

(fd − f )dt
0

where J and Jc are respectively the Jacobian of the end-effector and the Jacobian of the contact point. Since we are not concerned with the force direction,
but just with its norm, we decided to use the direction of the measured force
as desired direction:
fd = fN

f
fN
, if ||f || >
||f ||
2

where fN is the desired force norm. In the approaching phase, when the norm
of the measured force is less than half of the desired norm force, a predefined
force direction is used. We assume that the robot has a rough estimate of the
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position of the object and so it can define an initial force direction. However,
given the irregularities in the environment surface, the direction of the initial desired force may be inadequate (e.g. it may not be possible to apply a
vertical force on a 45◦ inclined plane). Adapting the direction of fd helps to
compensate for the lack of knowledge about the geometry of the environment
and it makes the controller more robust to errors in the initial direction of fd .
4.3

E X P E R I M E N TA L R E S U LT S

As already mentioned in section 4.2.3, most of the simplifying assumptions
that we made in our derivation do not hold on a real robot. Furthermore, we
have to take into account that: i) measurements of contact forces are usually
noisy and they may be affected by the errors in the dynamic parameters of
the robot, ii) the quality of the tracking of the torque controllers may be poor.
All these factors make the validation on the robot of the presented analysis
extremely difficult. Hence we decided to use a simulated robot to validate the
analytical analysis and to carry out additional tests on the real robot as an
empirical analysis of more complex scenarios.
4.3.1

Simulation Tests

We use a simulated puma560 robot arm with 6 dofs, which is provided with
the matlab robotics toolbox [Corke 2011]. Both the motors and the force/torque sensor are simulated as low-pass filters with cut frequency of 40 Hz
and 20 Hz, respectively. In the simulation the manipulator is in rigid contact
with the environment at the end-effector. An error in the estimation of the
contact location ep = [0.1; 0; 0]m is introduced and we command a desired
force fd = [0; 10; 0]N and a desired moment µd = [0; 0; 1]N m. The four
tests span two different constraint situations and two control laws. In the tests
4.3.1.1 and 4.3.1.3 we assume that the end-effector of the robot is completely
constrained (i.e. rank(Jc ) = 6), so it can apply force and moment in all directions, but it cannot move. In the tests 4.3.1.2 and 4.3.1.4 we assume that
the end-effector can only exert forces on the environment (i.e. rank(Jc ) = 3),
so it cannot apply moment, but it can move. The first two tests use the feedforward control law (4.3), whereas the last two tests use the feedback control
law (4.8).
4.3.1.1

Feedforward Wrench Control

As predicted by (4.6) and (4.7), the error in the commanded torques is totally
projected in the contact wrench, in particular it affects the contact moment
only, resulting in f = [0; 10; 0] and µ = [0; 0; 2]. The desired contact force
is correctly applied and the joint accelerations are zero, because the contact
Jacobian Jc has zero nullspace.
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Figure 4.3: Contact force with proportional feedback force control for different values of the proportional gain kp .

4.3.1.2

Feedforward Force Control

In this case the contact Jacobian Jc has a non-trivial nullspace, so a part of the
error in the commanded torques is selected by JcT + and it affects the contact
force, resulting in f = [0; 11.66; 0]N . The remaining part, which is selected
by the null space projection matrix of Jc , generates joint accelerations, resulting in ||q̈|| = 3.67m/s2 .
4.3.1.3

Feedback Wrench Control

As predicted by (4.9) the result is the same as in the feedforward case: the
error affects the contact moment only and it is independent of the proportional
gain kp . Joint accelerations are zero.
4.3.1.4

Feedback Force Control

Similarly to test 4.3.1.2, the contact localization error affects both the contact
force and the joint accelerations. Since the force feedback is not affected by
ep , it helps to reduce both errors. Fig. 4.3 shows how the steady-state error
of the contact force decreases as kp increases. Of course as kp goes up the
overshoot of the system rises. The joint accelerations decrease as kp increases.
4.3.2

Robot Tests

In these tests we control three joints of the robot’s arm: the elbow joint and
two out of the three shoulder joints.
4.3.2.1

Feedforward Force Control

The first test uses the control law (4.3). The right forearm of the robot lies
on a rope, which is fixed to a rigid structure located above the robot. In this
configuration the robot is able to apply downward forces on the rope. A downward force of 5 N is commanded. When the tactile sensors are not used, the
contact point is assumed to be at the end-effector, which is about 9 cm off the
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Figure 4.4: Norm of the contact force error using the feedforward force controller.
The real contact point, on the forearm, is about 9 cm off the end-effector.

real contact point. Fig. 4.4 shows that, when not using the tactile sensors, the
norm of the force error increases from ∼ 1.7 N to ∼ 4 N.
4.3.2.2

Parallel Control

This test uses the parallel control law (4.10) with kp = 150, kd = 0.02,
kf = 0.5 and ki = 0.02. The robot starts with the lower part of its forearm in
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Figure 4.5: Parallel control test. The red line shows the mean value of the error, that
is about 1.4 N when the contact is assumed to be at the end-effector,
whereas it is about 1.1 N when using the tactile feedback.
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Figure 4.6: Parallel control test. The red line shows the mean value of the error, that
is about 2.3 cm when the contact is assumed to be at the end-effector, and
about 1.5 cm when using the tactile feedback.

contact with an irregular rigid object, i.e. a tripod for cameras (see Fig. 4.7).
The desired trajectory of the end-effector spans only the x direction, moving
5 cm back and 5 cm forth in a straight line. One whole cycle lasts about
33 seconds (the movement is quite slow). While moving the end-effector,
the robot tries to maintain a contact force of 3 N, regardless of the force
direction. Fig. 4.5 and 4.6 show the position and force errors that we obtained
in the two cases, i.e. when the contact force is assumed to be at the endeffector, and when using the tactile sensors to locate the contact point. The
performance benefits from the precise estimation of the contact point: when
using the tactile sensors the mean norm of the force error decreases from
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Figure 4.7: The iCub robot, with skin mounted on the torso, arms, palms and fingertips. The iCub is sliding its forearm against the top of the tripod that is
standing in front of it.

∼ 1.4 N to ∼ 1.1 N, and the mean norm of the position error decreases from
∼ 2.3 cm to ∼ 1.5 cm. The force error does not converge to a stable value
despite the integral term in the control law. This is due to the fact that the
integral is reset every time the reference position is modified (i.e. about every
16 seconds). As expected, the improvements due to a precise estimate of the
contact point are not as large as in the previous test, because, as proved is
section 4.2.2, the feedback helps to reduce the force error.
4.4

CONCLUSIONS AND FUTURE WORK

In this chapter we analyzed how knowledge of the location of the contact
points affects force control tasks. We showed how errors in the estimation of
contact points may affect the contact forces and, possibly, the joint accelerations. We showed that the introduction of a feedback term may not necessarily
help to reduce the errors, if the feedback itself is affected by the estimation
error.
Tests on a simulated 6-DOF robotic arm validated our hypotheses. Moreover, we presented the results of two experiments on the iCub robot. In these
tests we could not use the equations that we found in our analytical analysis because most of the assumptions that we made in the derivation do not
hold. However, the presented results are important because they empirically
prove the effectiveness of precise contact point estimation, even in complex
real-world scenarios. In the first test, using a feedforward force control law
we measure a large drop in the force error (from 4 N to 1.7 N) when tactile
feedback is used to locate the contact point. Then, in the second test, we use
a parallel control law to make the iCub maintain contact with a rigid irregular
object, while moving the end-effector along a straight line. Tests with and
without the tactile feedback reveal a significant improvement in the performance when using the tactile system. The average force error drops from 1.4
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N to 1.1 N, whereas the average position error drops from 2.3 cm to 1.5 cm.
In this test the improvements are not as large as in the previous test because,
as proved in section 4.2.2, the introduction of a force feedback helps to reduce the errors. Differently from most works in the literature, we do not use
any geometric model of the robot or the environment. The lack of knowledge
about the external world is compensated by tactile and force feedback.
The presented analysis could be extended to more complex control laws
such as impedance control, hybrid control and parallel control. Also, we could
investigate the case where contacts are not perfectly rigid.
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“ TA S K S PA C E I N V E R S E D Y N A M I C S ” : A N E W
FRAMEWORK FOR PRIORITIZED POSITION-FORCE
C O N T RO L

This chapter presents a new framework for multi-task position/force control
of fully-actuated rigid robots. Other similar control frameworks have been
presented in the last decade. Some of them are not optimal, that is, they do
not find the optimal solution for the non-primary tasks. Other frameworks
are optimal, but they tackle the control problem at kinematic level, hence
they do not allow for force control. Still other frameworks are optimal and
consider force control, but they are less efficient than ours. Our control framework, called “Task Space Inverse Dynamics”, computes the optimal solution
in an efficient way by decoupling kinematics and dynamics of the robot. We
take into account: motion and force control, soft and rigid contacts, free and
constrained robots. Tests in simulation validate our control framework, comparing it with other two state-of-the-art equivalent frameworks and showing
remarkable improvements in optimality and efficiency. The presented analysis is completely theoretical, but its implications are practical because they
concern the optimality and the computational cost of the control laws.
5.1

I N T RO D U C T I O N

A large number of frameworks for the multi-task control of rigid robots have
been presented in the robotics literature. Most frameworks presented in the
’80s and ’90s [Baerlocher and Boulic 1998; Chiaverini 1997; Nakamura et al.
1987; Siciliano and Slotine 1991] work at a kinematic level, computing the
desired joint velocities or accelerations. This approach is not suited for controlling robots that interact with the environment, because it does not allow
for force control. This reason motivated a more recent trend of torque control strategies [De Lasa and Hertzmann 2009; Mistry and Righetti 2011; Saab
et al. 2011a; Sentis and Khatib 2005], which work on the robot’s dynamics,
computing the desired joint torques.
Peters et al. [2007] showed that several of these well-known torque control laws can be derived under a Unifying Framework (UF), as solutions of
a constrained minimization problem. However, it is still unclear how these
frameworks differ from each other and what the pros and cons of each framework are.
This paper has a twofold aim: first, to provide a fair comparison of the stateof-the-art torque control frameworks; second, to present a new framework
which outperforms the current state of the art. Our evaluation is based on
four criteria: soundness, optimality, capabilities and efficiency. We carry out
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an analytical analysis of the frameworks and we test them in simulation to
confirm the theoretical results.
Section 5.1.1 summarizes the related works and defines the basic tracking
control problem. Section 5.2 and 5.3 describe the Unifying Framework (UF)
Peters et al. [2007] and the Whole-Body Control Framework (WBCF) Sentis
and Khatib [2005], which are the frameworks that we chose as representative of the state of the art. Section 5.5 presents our control framework, Task
Space Inverse Dynamics (TSID). For each framework we start presenting the
basic solution of a single task, then we extend it to the multi-task case, and
finally we introduce the hybrid position/force control. Section 5.6 tests the
three frameworks (TSID, UF, WBCF) in simulation on the same multi-task
scenario, comparing their performances in terms of optimality and efficiency.
The test outcomes prove that our control framework is sound, optimal and
computationally more efficient than any other framework with equal capabilities.
5.1.1

Related Works

Table 5.1 lists the control frameworks that we considered in our analysis (included the one presented here: Task Space Inverse Dynamics), summarizing
their main features. We value a prioritized control framework in terms of
Table 5.1: Control frameworks.
Framework
TASK S PACE I NVERSE DYNAMICS
(TSID)

Optimal

Efficient

Force Ctrl

×

×

×

τ

×

×

τ

Peters et al. [2007] (UF)
Sentis and Khatib [2005] (WBCF)

×

Mistry and Righetti [2011]

Under.

Out.

×

(×)

τ

×

×

τ

Saab et al. [2011a]

×

×

×

τ

De Lasa and Hertzmann [2009]

×

×

×

τ

Jeong [2009]

×

Chiaverini [1997]

×

τ /q̈

×

q̇

Siciliano and Slotine [1991]

×

×

q̇

Baerlocher and Boulic [1998]

×

×

q̇

×

q̇/q̈

Nakamura et al. [1987]

soundness, optimality, capabilities and efficiency. Table 5.1 also specifies the
motor commands computed by each framework (column “Out.”), which can
be joint torques τ , joint velocities q̇ or joint accelerations q̈. A framework is
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sound if the control action of any task does not affect the performance of any
higher priority tasks. A framework is optimal if its control action minimizes
the error of each task, under the constraint of being sound. The capabilities of
a framework concern the types of tasks and systems that it allows to control.
Finally, a framework is efficient if its computational complexity is lower than
or equal to the computational complexity of any other equivalent - in terms
of soundness, optimality and capabilities - framework.
All the control frameworks that we analyzed are sound. In terms of capabilities, table 5.1 reports whether a framework allows for force control and
whether it can control underactuated systems. Since we are interested in controlling robots that interact with the environment we focus on frameworks
that allow for force control. An interesting capability - not reported in table
5.1 - of the framework by Saab et al. [2011a] is the inequality task, which
can be used for joint limit avoidance, balance, visibility, collision avoidance.
However, this feature comes at a price: the algorithm can no longer compute
the solution using pseudoinverses, but it requires a QP solver. Even if Escande
et al. [2010] proposed an optimized algorithm for this kind of problems, the
computation time is still bigger than 1 ms (too much for implementing 1 kHz
control loops Albu-Schäffer et al. [2007]). For this reason our control framework does not include inequality constraints.
This work is motivated by the fact that no control framework that allows
for force control is both optimal and efficient. Between the five frameworks
that allow for force control, we select two as representative of the state of the
art and we describe them in the next sections. Our first choice is the Unifying
Framework (UF) Peters et al. [2007], because it is the only one that allows for
force control while being efficient. Our second choice is the Whole-Body Control Framework (WBCF) Sentis and Khatib [2005], because it represents the
category of “optimal but not efficient” frameworks (i.e. the frameworks Saab
et al. [2011a] and De Lasa and Hertzmann [2009]). Even though the WBCF
was extended to floating-base systems, here we consider the formulation for
fully-actuated robots presented in Sentis and Khatib [2005] and implemented
in Philippsen et al. [2011].
5.1.2

Problem definition

We want to design position tracking control laws for a rigid manipulator with
n degrees of freedom. The equation of motion of a manipulator in free space
may be written as [Siciliano and Khatib 2008]:
M (q)q̈ + h(q, q̇) = τ,

(5.1)

where q ∈ Rn is the vector of joint coordinates, τ ∈ Rn is the vector of
joint torques, M (q) ∈ Rn×n is the joint space inertia matrix, and h(q, q̇) ∈
Rn contains all the nonlinear terms such as Coriolis, centrifugal and gravity
torques. A position tracking task for the robot is described in the form of a
time-varying constraint f (q) = xr (t), where xr (t) ∈ Rm is the reference
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task trajectory. Differentiating this constraint twice with respect to time we
get:
J(q)q̇ = ẋr (t)
˙ q̇ = ẍr (t)
J(q)q̈ + J(q)

(5.2)

∂
where J(q) = ∂q
f (q) ∈ Rm×n is the task Jacobian. In the following, dependency upon t, q and q̇ is no longer denoted to simplify notation. Since we
are going to apply (5.2), which is the second derivative of the constraint, a
drift is likely to occur. To prevent deviations from the desired trajectory and
to ensure disturbance rejection we design a proportional-derivative feedback
control law:

ẍ∗ = ẍr + Kd (ẋr − ẋ) + Kp (xr − x),
where Kd , Kp > 0, Kd , Kp ∈ Rm×m are diagonal positive definite matrices
acting as derivative and proportional gains, respectively.
5.2

UNIFYING FRAMEWORK

(UF)

The Unifying Framework (UF) formulates the control problem as a constrained
minimization:
τ ∗ = argmin ||ẍ − ẍ∗ ||2
τ ∈Rn

s.t.

M q̈ + h = τ
J q̈ + J˙q̇ = ẍ

(5.3)

We multiply the first constraint times JM −1 and then we substitute J q̈ from
the second constraint:
ẍ − J˙q̇ + JM −1 h = JM −1 τ
Solving this equation for ẍ and substituting it in the cost function we get an
unconstrained minimization problem that is equivalent to (5.3):
τ ∗ = argmin ||JM −1 (τ − h) + J˙q̇ − ẍ∗ ||2

(5.4)

τ ∈Rn

In case m < n this problem has infinite solutions:
∗
−1
˙
τ ∗ =(JM −1 )+
h)+
V (ẍ − J q̇ + JM
−1
(I − (JM −1 )+
)τ0
V JM

(5.5)

where τ0 ∈ Rn is an arbitrary vector, V ∈ Rn×n , V > 0 is an arbitrary matrix
T
T −1 is the pseudoinverse of the matrix A weighted
and A+
V = V A (AV A )
by the matrix V (see appendix A for a review on pseudoinverses). Choosing
1
a particular pair (V, τ0 ) we get the solution that minimizes ||V − 2 (τ − τ0 )||2
[Bjorck 1996]. Setting τ0 = 0 and varying V we get different well-known
control laws, reported in table 5.2. The second row in table 5.2 reports the

5.2 U N I F Y I N G F R A M E W O R K ( U F )

Table 5.2: Control laws for different values of weight matrix V

τ∗

V

MINIMIZE

I

||τ ||2

M

τ T M −1 τ

M −1 J T (JM −2 J T )−1 (ẍ∗ − J˙q̇ + JM −1 h)
J T (JM −1 J T )−1 (ẍ∗ − J˙q̇ + JM −1 h)

M2

||M −1 τ ||2

M J T (JJ T )−1 (ẍ∗ − J˙q̇ + JM −1 h)

C O N T R O L L AW ,

well-known Operational Space control law of Khatib [Khatib 1987]. This solution selects the torques that would be generated by a force applied at the
control point.
Without loss of generality, given that M > 0, we can set V = M 2 W ,
where W > 0 is another arbitrary matrix, so that (5.5) simplifies to:
+
τ ∗ = M JW
(ẍ∗ − J˙q̇ + JM −1 h) + M NW M −1 τ0

(5.6)

+
where NW = I − JW
J is a weighted nullspace projection matrix associated
with J.

5.2.1

Hierarchical Extension

The Unifying Framework can manage an arbitrary number of tasks N, each
characterized by a desired acceleration ẍ∗i and a Jacobian Ji . To ensure the
correct management of task conflicts, the tasks need prioritization; the higher
the number of the task, the higher its priority.
∗

τ =

N
X

τi

i=1
∗
−1
˙
(h −
τi = M Ji +
W (ẍi − Ji q̇ + Ji M

i−1
X

(5.7)
τj ))

j=0

where i = N . . . 1. The torque vector of each task τi is projected into the
nullspace of the higher priority tasks; this guarantees that the framework is
sound. However, this approach is not optimal, because each task is solved
independently, and then projected onto the nullspace of the higher priority
tasks. This does not ensure the minimization of the error of each task (see
Baerlocher and Boulic [1998]; Chiaverini [1997] for a thorough explanation).
5.2.2

Hybrid Control

The Unifying Framework allows for hybrid position/force control by setting
the joint space control torques to:
τ0 = h − JcT f ∗ ,
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where Jc (q) ∈ Rk×n is the contact Jacobian, f ∗ ∈ Rk are the desired contact
forces and k ∈ R is the number of independent directions in which the robot
applies force. Substituting τ0 into the desired control torques (5.6) we get:
+
τ ∗ = M JW
(ẍ∗ − J˙q̇) + h − M NW M −1 JcT f ∗ ,

where the applied forces act in the nullspace of the tracking task.
5.3

W H O L E - B O DY C O N T RO L F R A M E W O R K

(WBCF)

In this section we describe the WBCF presented by Sentis and Khatib [2005].
This framework is based on the Operational Space Formulation [Khatib 1987],
which is equivalent to the UF for a particular choice of the weight matrix W .
Setting W = M −1 in the control law (5.6) we get the Operational Space control law:
τ ∗ = J T (JM −1 J T )−1 (ẍ∗ − J˙q̇ + JM −1 h) + (I − J T J¯T )τ0 ,
|
{z
}
Λ

where J¯ = M −1 J T Λ is the dynamically consistent Jacobian pseudoinverse
and Λ is the task space inertia matrix.
5.3.1

Hierarchical Extension

While in case of a single task the WBCF and the UF are equivalent, their
hierarchical extensions differ substantially:
τ∗ =

N
X

T
Jp(i)
Fp(i)

i=1

Fp(i) =

Λp(i) (ẍ∗i

− J˙i q̇ + Ji M −1 (h −

i−1
X

T
Jp(j)
Fp(j) ))

(5.8)

j=1

Jp(i) = Ji (I −

i−1
X

J¯p(j) Jp(j) )

j=1

The difference with the formulation (5.7) is not limited to the choice of the
weight matrix W ; the prioritization strategy is different as well. The WBCF
minimizes the error of each task under the constraint of not conflicting with
any higher priority tasks, namely it is optimal.
5.3.2

Hybrid Control

The WBCF allows for hybrid position/force control by setting:
Fp(i) = Ωf fi∗ + Λp(i) (Ωm ẍ∗i − J˙i q̇ + Ji M −1 (h −

i−1
X

T
Jp(j)
Fp(j) )),

j=1

where the selection matrices Ωf and Ωm split the control space into force and
motion components, respectively.

5.4 S O M E O B S E RVAT I O N S

5.4

S O M E O B S E RVAT I O N S

Before deriving the new control framework “Task Space Inverse Dynamics”,
we point out some facts regarding hierarchical control frameworks. This section is not essential to understand the derivation presented in section 5.5, but
it should help the reader to understand the motivations and the choices underlying this work.
5.4.1

Observation 1: Derivation of dynamically consistent pseudoinverse

The second row in table 5.2 reports the famous operational space control law
of Khatib [Khatib 1987], which is usually written as:
τ ∗ = J T F = J T (Λẍ∗ + µ + p)

(5.9)

where Λ = (JM −1 J T )−1 is the operational space inertia matrix, µ = J¯T b −
ΛJ˙q̇, p = J¯T g and J¯ is the renowned dynamically consistent Jacobian pseudoinverse:
J¯ = M −1 J T (JM −1 J T )−1 = M −1 J T Λ

(5.10)

At first this solution may appear not to have any particular property, but looking throughout the literature one may find out that [Bruyninckx and Khatib
2000]: i) it is consistent with the principle of virtual work of D’Alambert, ii)
it follows Gauss’ Principle of Least Constraint, iii) it is the natural choice to
decouple the internal motion dynamics from the end-effector dynamics. In
other words, this solution selects the torques that would be generated by a
force applied at the control point. Indeed, we can derive (5.9) by adding the
constraint τ = J T f to the minimization problem (5.4):
τ∗ = JT f∗
f ∗ = argmin ||JM −1 (J T f − h) + J˙q̇ − ẍ∗ ||2
f ∈Rm

This problem has a unique solution because JM −1 J T has a unique inverse.
5.4.2

Observation 2: Non-uniqueness of task consistent Jacobian pseudoinverse

Looking at a big portion of the literature [Khatib 1987, 1995; Mistry and
Righetti 2011; Park and Khatib 2008; Sentis et al. 2009], a less than meticulous reader may be led to believe that the dynamically consistent pseudoinverse is the only one that ensures that secondary tasks (i.e. τ0 ) do not affect the
primary task (i.e. ẍ in case of position control). Statements such as “only one
of these generalized inverses is consistent with the system dynamics”[Khatib
1995] actually hide the non-explicit assumption that the author was considering only joint torques that are in the range of J T (i.e. torques that can be
generated by applying a force at the control point).
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In [Khatib 1995] Khatib splits the control torques into two parts, the first
one resulting from a force applied at the control point, and the second one
acting within the nullspace of the control point:
τ = J T F + (I − J T JVT + )τ0

(5.11)

Applying this control torques to the equation of motion of the manipulator,
it turns out that the only choice of V that results in τ0 not affecting ẍ is
V = M . Comparing the nullspace projectors in (5.5) and (5.11) we can see
that limiting the control torques to the form (5.11) is equivalent to looking for
a V such that:
T+
−1
I − (JM −1 )+
= I − J T JX
,
V JM

where X is an arbitrary PD matrix. This problem has only one solution, that
is V = M and X = M −1 .
On the other hand, if we do not limit the control torques to be in the range
of J T , then we can choose among the infinity of pseudoinverses. We can
prove it applying the control torques (5.6) to the manipulator dynamics:
+
M q̈ + h =M JW
(ẍ∗ − J˙q̇ + JM −1 h) + M NW M −1 τ0

Multiplying both sides by JM −1 the term containing τ0 becomes zero, because:
JM −1 M NW M −1 τ0 = JNW M −1 τ0 = 0,
so we get:
+
(ẍ∗ − J˙q̇ + JM −1 h)
J q̈ + JM −1 h = JJW
ẍ − J˙q̇ + JM −1 h = ẍ∗ − J˙q̇ + JM −1 h

ẍ = ẍ∗
As long as the control torques are computed using (5.6), τ0 does not affect ẍ,
regardless of the choice of W .
5.4.3

Observation 3: Weight Matrix and Joint Space Stabilization

The weight matrix V (or equivalently W ) introduced in the resolution of (5.3)
can play two different roles. In case there is no secondary task (i.e. τ0 = 0),
1
V determines the quantity that we minimize (e.g. ||τ ||2 , ||q̈||2 , ||M − 2 τ ||2 ). In
case there is a secondary task, V specifies the metric that is used to measure
the distance between τ and τ0 .
The idea of using the nullspace of the task to minimize some measure of
effort is very appealing, mainly because it is rooted in the study of human
motion [Flash and Hogan 1985]. This approach may be feasible in simulation, but unfortunately in reality it leads to singular configurations and hitting
of joint limits [Peters et al. 2007]. The subspace of joint accelerations that do
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not affect the task is not controlled, so its behavior is determined by disturbances and errors in the model of the manipulator. Even in simulation, if the
initial conditions of the robot have non-zero joint velocities, not using a secondary task may result in joint space instability. The reason for this behavior
is obvious: the effort of stabilizing in joint space is not task relevant and it
would increase the cost [Peters et al. 2007].
Peters et al. [2007] suggest to add a joint space motor command for stabilization. A common approach is to design the postural task to attract the robot
towards a desired posture q0 . We compute the desired joint accelerations as
q̈0∗ = Kp (q0 − q) − Kd q̇, where Kp > 0 and Kd > 0 are matrices acting as
proportional and damping gains, respectively. In the following we will always
include the postural task as the lowest priority task in the task hierarchy. The
postural task minimizes the following quantity:
||q̈ − q̈0∗ ||2 ,
under the constraint of not affecting the higher priority tasks. This ensures
stabilization of the manipulator in joint space. We want to find the pair (V, τ0 )
in (5.5) such that we use the task nullspace to minimize ||q̈ − q̈0 ||2 . Recalling
1
that in general we minimize ||V − 2 (τ − τ0 )||2 , if we set V = I then we
minimize this quantity:
||τ − τ0 ||2 = ||M q̈ + h − (M q̈0 + h)||2 = ||M (q̈ − q¨0 )||2
On the other hand, setting V = M we minimize this quantity:
1

1

||M − 2 (τ − τ0 )||2 = ||M 2 (q̈ − q¨0 )||2
Finally, if V = M 2 we minimize this quantity:
||M −1 (τ − τ0 )||2 = ||q̈ − q¨0 ||2
Our solution is then to set V = M 2 and τ0 = M q̈0 + h. The resulting control
law is:
τ ∗ = M (J + (ẍ∗ − J˙q̇) + N q̈0 ) + h

(5.12)

In this scenario the choice V = M 2 is the most appropriate, because it leads
to a minimization of the joint acceleration error.
5.4.4

Observation 4: Hierarchical frameworks

In the literature we can see two different approaches to multi-task management: the error minimization approach, call it A, and the nullspace projection
approach, call it B (see [Baerlocher and Boulic 1998] [Chiaverini 1997] for
a thorough comparison). In this subsection we describe both approaches, explaining pros and cons and emphasizing the role of the weight matrix.
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5.4.4.1

Approach A - Error minimization

This approach minimizes the error of each task, under the constraint of not
conflicting with higher priority tasks. Assume that we have two tasks that are
described by the constraints:
J2 q̈ + J˙2 q̇ = ẍ∗2

J1 q̈ + J˙1 q̇ = ẍ∗1 ,

where task 2 has higher priority with respect to task 1. We formulate a minimization problem:
τ ∗ = argmin ||J1 q̈ + J˙1 q̇ − ẍ∗1 ||2
τ ∈Rn

s.t.

M q̈ + h = τ

 ∗ ∗
 τ2 | τ2 = argmin ||J2 q̈ + J˙2 q̇ − ẍ∗2 ||2 
τ2 ∈Rn
τ∈


s.t.
M q̈ + h = τ2

The second constraint is equivalent to problem (5.3) so we replace it with
(5.6).
τ ∗ = argmin ||J1 q̈ + J˙1 q̇ − ẍ∗1 ||2
τ ∈Rn

s.t.

M q̈ + h = τ
τ = M q̈2∗ + M N2W M −1 τ0
q̈2∗ = J2 + (ẍ∗2 − J˙2 q̇ + J2 M −1 h)
W

The last two constraints specify the form of the solution, leaving the choice
of τ0 for minimizing the cost function.
τ ∗ =M q̈2∗ + M N2W M −1 τ0∗
τ ∗ = argmin ||J1 q̈ + J˙1 q̇ − ẍ∗ ||2
0

τ0 ∈Rn

1

M q̈ + h = M q̈2∗ + M N2W M −1 τ0

s.t.

Computing q̈ from the constraint and substituting it in the cost function we
get an unconstrained minimization problem:
τ0∗ = argmin ||J1 (q̈2∗ + N2W M −1 τ0 − M −1 h) + J˙1 q̇ − ẍ∗1 ||2
τ0 ∈Rn

The resolution of the minimization is then quite straightforward and it leads
to:
∗
τ ∗ =M (q̈2∗ + N2W (q̈1|2
+ N1|2W q̈0 ))
∗
−1
˙
q̈2∗ =J2 +
h)
W (ẍ2 − Jw q̇ + J2 M
∗
+
∗
−1
q̈ =J1|2 (ẍ1 − J˙1 q̇ + J1 (M h − q̈2∗ ))
1|2

(5.13)

W

where J1|2 = J1 N2W and N1|2W is its weighted nullspace projector. This
formula:
1. finds the space of solutions of task 2, i.e. it computes q̈2∗ and N2W

5.4 S O M E O B S E RVAT I O N S

2. inside the solution space of task 2, it finds the point(s) that minimize
the error on task 1
3. among these points (if more than one), it selects the one that minimizes
1
||W − 2 (q̈ − q̈0 )||2
This approach ensures zero error on any task, as long as it does not conflict
with any higher priority task. Unfortunately this approach also has a drawback: it suffers from algorithmic singularities, namely singularities that are
due to conflicts between tasks. In the subsection 5.4.4.3 we will explain in
more detail what this means.
5.4.4.2

Approach B - Nullspace Projection

This approach is somewhat simpler because it is the most intuitive extension
of the control law (5.6) to the multi-task case. Assuming that we have two
tasks as in the previous subsection, we have already seen that to ensure that
task 2 is satisfied the control torques have to take the form:
∗
−1
˙
h) + M N2W M −1 τ1 =
τ2 =M J2 +
W (ẍ2 − J2 q̇ + J2 M

=M q̈2∗ + M N2W q̈1 ,

(5.14)

where τ1 = M q̈1 is an arbitrary torque vector that can be used to achieve a
secondary task, in our case, task 1. Applying the same principles that we used
to formulate (5.14) we can compute the torques to achieve task 1 as:
∗
−1
˙
h) + M N1W M −1 τ0 =
τ1 =M J1 +
W (ẍ1 − J1 q̇ + J1 M

=M q̈1∗ + M N1W q̈0

(5.15)

Putting it all together we get:
τ2 = M (q̈2∗ + N2W (q̈1∗ + N1W q̈0 ))

(5.16)

This formula:
1

1. computes q̈1 , that is the solution of task 1 that minimizes ||W − 2 (q̈ −
q̈0 )||2
2. projects q̈1 onto the space of solutions of task 2 or, in other words, it
1
finds the solution of task 2 that minimizes ||W − 2 (q̈ − q̈1 )||2
The drawback of this approach is that, except for the highest priority task, it
does not ensure that a task is achieved, even if it is not in conflict with any
task with higher priority.
5.4.4.3

Comparison: A vs B

A geometric view can give us a better insight into the two approaches. Let
us consider a 2-DOF robot performing two one-dimensional tasks, with task
2 having higher priority. The solution space is the two-dimensional space
of joint accelerations, depicted in Fig. 5.1. Each task has infinite solutions
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Figure 5.1: Geometric view of multi-task resolution with approach A and B. As far
as approach B is concerned, the plot shows five different solutions corresponding to five different values of the weight matrix W (the values used
for w are [0.1; 0.5; 1; 1.5; 10]). The solution computed by approach A is
independent of the weight matrix.

(because m = 1 < n = 2), which may be represented as a line on the joint
acceleration plane. In particular, in the case depicted in Fig. 5.1, the solution
space of task 2 (black solid line) intersects the solution space of task 1 (red
dashed line) in one point. The two tasks are not in conflict and that point
represents the solution that satisfies both tasks.
Approach B computes q̈1∗ and projects it onto the solution space of task 2,
∗ . Fig. 5.1 depicts q̈ ∗ and q̈ ∗ for different values of the weight matrix
finding q̈B
1
B
W . In particular we set:


w 0
W =
0 1
and we computed the solution for five values of w ranging between 0.1 and 10.
Although the two tasks are not in conflict, all the solutions perfectly achieve
task 2, but they have a non-zero error on task 1. Note that when W 6= I the
projection that is performed by the nullspace projector is not orthogonal.
∗ , is
On the other hand, the solution computed by approach A, that is q̈A
∗ does not depend on
exactly the intersection of the two lines. As expected, q̈A
the weight matrix W . In this particular example there is no value of w that
∗ = q̈ ∗ . However, this is not always the case.
results in q̈A
B
When two tasks are in conflict their solution spaces are parallel, hence they
∗ = q̈ ∗ = q̈ ∗ ,
do not intersect. Both approaches give the same solution q̈A
2
B
which results in a non-zero error on task 1. When two tasks are almost in
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conflict their solution spaces are almost parallel and approach A suffers from
an algorithmic singularity. The two solution spaces intersect in a subspace
∗ || is large. Filtering techniques, such
that is distant from the origin, hence ||q̈A
as damped pseudoinverses, are commonly used to tackle this problem [Chiaverini 1997].
Despite the drawbacks of approach B, sometimes it has been preferred over
approach A [Chiaverini 1997; Khatib 1995; Mistry and Righetti 2011; Peters
et al. 2007] because: i) it is older and hence more popular in the robotics
community, ii) it is simpler to understand and to implement, iii) it does not
suffer from algorithmic singularities. However, none of these reasons seems a
valid argument for choosing a sub-optimal approach over an optimal one. The
only case in which approach B should be preferred is when the robot performs
just one task and the kinematic redundancy is used for joint stabilization only.
We showed in section 5.4.3 that in this case the choice of the weight matrix
V = M 2 is the most appropriate because it minimizes the joint acceleration
error.
On the other hand, if the robot has to perform two or more tasks with different priorities, then approach A has to be taken to get optimal results. Many
frameworks for multi-task control that follow the principles of approach A
have been presented [Jeong 2009; Saab et al. 2011a; Siciliano and Slotine
1991]. Even the operational space formulation [Khatib 1995], which in its
original form used approach B, has been extended later to approach A [Khatib
et al. 2004; Sentis and Khatib 2006] (see [Philippsen et al. 2011] for an opensource software implementation of this formulation). When Khatib et al say
that the original operational space formulation “did not consider the dynamics of the posture itself”, whereas its new extension “compensates for the
dynamics within the restricted posture space” [Khatib et al. 2004] they refer
to this transition from approach B to A.
5.5

ORIGINAL CONTRIBUTION
ICS

- TA S K S PA C E I N V E R S E D Y N A M -

(TSID)

In this section we design the TSID control framework, which is the main contribution of the chapter. The TSID is sound, optimal, efficient — as confirmed
by the simulation tests — and allows for both position and force control.
5.5.1

Motivations

The WBCF is sound and optimal, but it is not efficient because it requires the
computation of the operational space inertia matrices Λ’s. The simplest way
to compute them is using the formula Λ = (JM −1 J T )−1 , which has a complexity of O(n3 ): the computation of M - with Recursive Newton-Euler Algorithm (RNEA) or Composite-Rigid-Body algorithm [Siciliano and Khatib
2008] - has a complexity of O(n2 ) for serial robots and O(nd) for multibranch robots (where d is the tree depth). More efficient algorithms [Chang
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and Khatib 2000] can compute Λ with a complexity of O(nm2 + m3 ), where
m is the dimension of the task.
On the other hand the UF is sound and it can be efficient: choosing V =
M 2 , the solution takes the form τ ∗ = M q̈N + h, which we can calculate
without explicitly computing M , through the O(n) RNEA. Nonetheless, the
UF is not optimal: even if a task does not conflict with any higher priority
tasks, it may not be performed correctly.
The derivation of our framework, TSID, follows the same principles underlying the UF, but with a different hierarchical extension. We minimize the
error of each task under the constraint of not affecting any higher priority
task. At each minimization step, we carefully select the weight matrices used
in the pseudoinverses, so as to simplify the resulting control laws. This leads
to an efficient formulation, while preserving the optimality property. We start
considering position tracking control only, then we introduce force control
tasks.
5.5.2

Framework Derivation

Consider a general scenario in which the robot has to perform N position
tracking tasks. Consider also a postural task - defining the desired joint accelerations q̈0∗ - to stabilize any redundancy left. Taking inspiration from the UF
and from De Lasa and Hertzmann [2009] we formulate the multi-task control
problem as a sequence of constrained minimization:
TN

rN

= minn gN (τ )

s.t.

M q̈ + h = τ

Ti

ri

= minn gi (τ )

s.t.

M q̈ + h = τ

τ ∈R

τ ∈R

gj (τ ) = rj
T0

τ∗

= argmin ||q̈ − q̈0∗ || s.t.

∀j > i (5.17)

M q̈ + h = τ

τ ∈Rn

gj (τ ) = rj

∀j > 0

where gi (τ ) is the quantity to minimize associated to task Ti :
gi (τ ) = ||Ji q̈ + J˙i q̇ − ẍ∗i ||2
The solution of (5.17) is given by:
∗
−1
τ ∗ =M (q̈1 + Np(0) (Np(0) )+
h − q̈1 ))
W (q̈0 + M
+
∗
q̈i =q̈i+1 + Np(i) (Ji Np(i) )W (ẍi − J˙i q̇ + Ji (M −1 h − q̈i+1 )) (5.18)

Np(i) =Np(i+1) − (Ji+1 Np(i+1) )+
W Ji+1 Np(i+1) ,
for i ∈ [1, N ]. The computation is initialized setting q̈N +1 = 0 and Np(N ) =
I. Once again, selecting the weight matrix W we can vary the form of the
control law. Interestingly enough though, the solution τ ∗ is independent of
W . This is because the only role of W is to weight the quantity that is minimized in the nullspace of all the tasks, but here the postural task ensures that
there is no nullspace left (because any control action would affect at least
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the postural task). The most reasonable choice is then to set W to the most
convenient value from a computational point of view. If we set W = I then
all the nullspace projectors Np(i) become orthogonal projectors, so they are
idempotent and equal to their pseudoinverses:
Np(i) Np(i) = Np(i) ,

+
Np(i)
= Np(i)

This simplifies the formulation (5.18) to:
τ ∗ =M q̈ ∗ + h
q̈ ∗ =q̈1 + Np(0) q̈0∗
q̈i =q̈i+1 + (Ji Np(i) )+ (ẍ∗i − J˙i q̇ − Ji q̈i+1 )

(5.19)

Np(i) =Np(i+1) − (Ji+1 Np(i+1) )+ Ji+1 Np(i+1) ,
with i ∈ [1, N ]. In this new form, kinematics and dynamics are completely
decoupled: first we solve the multi-task prioritization at kinematic level computing q̈ ∗ , then we compute the torques to get the desired joint accelerations.
This formulation does not require the computation of a pseudoinverse for
the postural task, because it exploits the property of orthogonal projectors of
being equal to their pseudoinverses. Moreover, it does not contain the term
M −1 , and the mass matrix M appears only in the term M q̈ ∗ , which can be
efficiently computed with the Recursive Newton-Euler Algorithm.
5.5.3

Force Control

This subsection extends the TSID control framework to force control. If the
manipulator is in contact with the environment its equation of motion becomes:
M (q)q̈ + h(q, q̇) − Jc (q)T f = τ,

(5.20)

∂
where Jc (q) = ∂q
xc ∈ Rk×n is the contact Jacobian (or constraint Jacobian)
k
and f ∈ R are the contact forces (or constraint forces). To control the contact
forces we need a model of the contact dynamics. We consider two cases,
which are the most common in the literature: the linear spring contact model
and the rigid contact model.

5.5.3.1

Soft Force Control - Linear Spring Contact

In the linear spring contact model the environment at the contact point is
assumed to behave like a linear spring, so the contact force is proportional to
the contact point displacement:
ks (xc − C) = f
ks ẋc = f˙
ks ẍc = f¨

65

66

TA S K S PA C E I N V E R S E D Y N A M I C S : A N E W C O N T R O L F R A M E W O R K

where ks is the stiffness of the contact, xc ∈ Rk is the robot contact point
and C ∈ Rk is the point of the environment where the contact occurred. Similarly to the position control problem, to ensure robustness to disturbances, the
reference force acceleration can be computed as:
f¨∗ = f¨d + Kd (f˙d − f˙) + Kp (fd − f ),
where fd (t) ∈ Rk is the desired force trajectory, while Kd > 0, Kp > 0 are
matrices acting as derivative and proportional gains, respectively. The problem of controlling the contact forces can then be formulated as:
τ ∗ = argmin ||f¨ − f¨∗ ||2
τ ∈Rn

s.t.

M q̈ + h − JcT f = τ
ks (Jc q̈ + J˙c q̇) = f¨

Assuming that we know ks and we can measure the contact forces f , the
solutions can be calculated as:
−1 ¨∗
−1
˙
τ ∗ = M Jc +
(h − JcT f )) + M NcW M −1 τ0
W (ks f − Jc q̇ + Jc M

where NcW = I − Jc +
W Jc . Park and Khatib [2008] treated extensively the
problem of estimating the contact stiffness ks .
5.5.3.2

Rigid Force Control - Rigid Contact

If the contact between the manipulator and the environment is perfectly rigid
then the manipulator motion is subject to a set of k nonlinear constraints:
c(q, t) = 0
The constraints may be time-varying, hence we can model contacts with
curved surfaces, as long as c is sufficiently smooth. The rigid force control
problem is defined as:
τ ∗ = argmin ||f − f ∗ ||2
τ ∈Rn

s.t.

M q̈ + h − JcT f = τ
Jc q̈ + J˙c q̇ = 0

where f ∗ ∈ Rk are the desired contact forces. We can prove that the following
control law is a solution of the rigid force control problem (see appendix B.1
for the proof):
τ ∗ = −JcT f ∗ − M Jc+ (J˙c q̇ − Jc M −1 h) + M Nc M −1 τ0
The term M −1 still appears in the equation but, as we have already seen for
position control, it can be removed by the postural task, setting τ0 = M q̈0∗ +h:
τ ∗ = −JcT f ∗ + M (−Jc+ J˙c q̇ + Nc q̈0∗ ) + h

5.6 T E S T S

5.5.4

Integration of Force Control in Hierarchical Framework

We extend the multi-task formulation (5.19) to include force control tasks.
The rigid force control task, if any, has to take the highest priority because it
is a physical constraint that cannot be violated by definition. We assume that
the robot has to perform N −1 tasks, which can be either position or soft force
control tasks. Soft force control tasks are treated as position control tasks, in
which we set the reference acceleration based on the contact stiffness and the
reference force acceleration: ẍ∗i = ki−1 f¨i∗ . On top of that there is a rigid force
control task, with reference force f ∗ and Jacobian JN = Jc :
τ ∗ =M q̈ ∗ + h − JcT f ∗
q̈ ∗ =q̈1 + Np(0) q̈0∗
q̈i =q̈i+1 + (Ji Np(i) )+ (ẍ∗i − J˙i q̇ − Ji q̈i+1 )

(5.21)

Np(i) =Np(i+1) − (Ji+1 Np(i+1) )+ Ji+1 Np(i+1) ,
with i ∈ [1, N ], ẍ∗N = 0, q̈N +1 = 0, and Np(N ) = I. Even after the extension
to force control, kinematics and dynamics are still decoupled, so τ ∗ can be
efficiently computed with the Recursive Newton-Euler Algorithm.
5.6
5.6.1

TESTS

Simulation Environment

We tested the presented control framework on a customized version of the
Compliant huManoid (CoMan) simulator [Dallali et al. 2013]. The robot has
23 DoFs: 4 in each arm, 3 in the torso and 6 in each leg. We adapted the simulator to make the robot rigid and fully-actuated (we fixed the robot base and
we removed the joint passive compliance). Direct dynamics and inverse dynamics, both in simulation and control, were efficiently computed using C language functions, generated with the Robotran webpage [2012] symbolic engine. Contact forces were simulated using linear spring-damper models with
realistic friction. To simulate rigid contacts we used the stiffness and damping
values proposed by Dallali et al. [2013], that are, respectively, 2·105 N/m and
103 N s/m. To integrate the equations of motion we used the Simulink variable step integrator ode23t, with relative and absolute tolerance of 10−3 and
10−6 , respectively. The tests were executed on a computed with a 2.83 GHz
CPU and a 4 GB RAM.
5.6.2

Test Details

To generate reference position/velocity/acceleration trajectories we used the
approach proposed by Pattacini et al. [2010], which provides approximately
minimum jerk trajectories. The trajectory generator is a 3rd order dynamical system that takes as input the desired trajectory xd (t) and outputs the
three position/velocity/acceleration reference trajectories xr (t), ẋr (t), ẍr (t).
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T2

T1

Reference
Trajectory

Figure 5.2: On the right, two superimposed screenshots of CoMan executing the
higher priority task T2 with its left hand and the lower priority task T1
with its neck base. The blue line shows the reference trajectory for the
task T2. On the left, a plot of the desired, reference and real trajectory
of the left hand, using the TSID; since the tracking is almost perfect, the
real trajectory (black line) and the reference trajectory (red dashed line)
overlap.

T1

T2

Wall
F

Reference
Trajectory

Contact

Figure 5.3: CoMan executing three tasks. The force task F controls the force exerted
by the right hand against the wall. The tracking task T2 moves the left
hand along the circular reference trajectory depicted as a red circumference. The tracking task T1 moves the neck base back and forth along the
x axis.

5.6 T E S T S

The reference position trajectory follows the desired position trajectory with
a velocity that depends on the parameter “trajectory time” (always set to 1.0s
in our tests). The desired accelerations were computed as:
ẍ∗ = ẍr + Kd (ẋr − ẋ) + Kp (xr − x),
where Kp and Kd were diagonal matrices with all entries equal to 10 and 5,
respectively.
The controllers used damped pseudoinverses [Chiaverini 1997] to ensure
stability near singularities. The damping factor was always set to 5 · 10−3 .
To avoid interferences between tasks, the nullspace projection matrices were
computed without any damping.
5.6.3

Test 1 - Multi-task Position/Force Control

We tested our control framework - Task Space Inverse Dynamics - against the
Unifying Framework (UF) [Peters et al. 2007] and the Whole-Body Control
Framework (WBCF) [Sentis and Khatib 2005]. In this test the robot performs
four tasks, listed here with decreasing priority:
F:

3 DoF, control the contact force exerted with the right hand on the wall

T2:

3 DoF, track a circular trajectory with the left hand

T1:

1 DoF (x axis), track a sinusoidal reference with the neck base

P:

23 DoF, maintain the initial joint posture

The first three tasks are compatible, so the robot should be able to perform
them with negligible errors. Table 5.3 reports the mean error norm for each
task and the mean computation time of the control loop. Referring to the criteria proposed in section 5.1.1 to evaluate a control framework, let us clarify
how they relate to the data reported in table 5.3. The error on the primary
task F concerns the soundness, the errors on the secondary tasks T2, T1, P
concern the optimality, and the computation time concerns the efficiency. As
expected, the UF performs poorly on the non-primary tasks, because it is not
optimal. Both the WBCF and the TSID achieve good tracking on the tasks
F, T2 and T1, but the computation time of the WBCF is more than twice the
computation time of our framework.
5.6.4

Test 2 - Soft Force Control

In this test the robot controlled the force applied on an elastic environment,
using our Task Space Inverse Dynamics control framework. In particular we
used the “spring contact model” presented in 5.5.3.1. Since in real world scenarios it is difficult to estimate the contact stiffness ks , we tested the robustness of the controller with respect to errors in the estimate of ks . The real
contact stiffness was set to 103 , while the estimates of ks used in the controller were set to five values in the range [102 , 104 ]. The feedback gains of
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Table 5.3: Results of test 1. We tested three controllers (Whole Body Control Framework, Unifying Framework, Task Space Inverse Dynamics) on the same
four tasks (F, T2, T1, P); we measured the mean error norm for each task
and the mean computation time of the control loop.

Related to

Soundness

Controller

F Error

T2 Error

T1 Error

P Error

Computation

(N)

(mm)

(mm)

(◦ )

Time (ms)

TSID

0.46

0.3

0.7

10.4

0.298

WBCF

0.46

0.1

0.9

10.4

0.681

UF

0.46

139.7

145.2

6.2

0.316

Optimality

Efficiency
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Figure 5.4: Force applied by the robot on the environment as the estimate of the
contact stiffness ks ranges from 102 to 104 (the real contact stiffness is
103 ).

the force control loop were Kp = 50 and Kd = 25. Fig. 5.4 shows the quality
of the tracking of the reference force as ks changes. As expected, when the
estimate of ks is precise the tracking of the reference force is almost perfect.
5.7

CONCLUSIONS AND FUTURE WORK

We presented and validated a new theoretical control framework, called Task
Space Inverse Dynamics, for prioritized position and force control of fullyactuated rigid robots. To the best of our knowledge, this framework outperforms every other control framework with equal capabilities. Its main features
are:
1. optimality: the error of each task is minimized under the constraint of
not affecting any higher priority task
2. capabilities: our framework allows for tracking position control, soft
contact force control, rigid contact force control

5.7 C O N C L U S I O N S A N D F U T U R E W O R K

3. efficiency: solutions can be computed in O(n) using the Recursive NewtonEuler Algorithm because it does not need the joint space inertia matrix
M or the task space inertia matrices Λ’s
We compared the presented control framework with other two state-of-the-art
control frameworks (UF and WBCF), both analytically and through simulation tests. The results reported in table 5.3 confirm that our framework outperforms the other two frameworks, either in terms of optimality or in terms
of efficiency.
In the next chapter we extend this framework and the related analysis to
the control of floating-base (i.e. underactuated) robots.
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6

This chapter extends the framework presented in chapter 5 to the control of
underactuated mechanical systems. In particular, we deal with floating-base
systems, a special class of underactuated systems in which the base is a moving body. The contributions of this chapter regard the case in which these systems are constrained, namely they cannot move freely because their motion
is constrained (for instance by a rigid contact). This scenario is very common
in humanoid robotics, because it occurs any time the robot is in contact with
the ground — typically with one or both feet.
6.1

I N T R O D U C T I O N A N D M O T I VAT I O N S

A system is underactuated if the number of its actuators is less than the number of its DoFs. Underactuated mechanical systems arise in many applications, such as space and undersea robots, mobile robots, flexible robots, walking, brachiating and gymnastic robots. Well-known underactuated systems
are the acrobot [Spong 1995] and the cart-pole [Spong 1998], both of which
have one actuator and two DoFs. Humanoid robots are underactuated because
they typically have n actuators and n + 6 DoFs, where n is the number of
joints of the robot and 6 are the DoFs representing position and orientation of
the base of the robot.
Controlling underactuated systems is more challenging than controlling
fully-actuated systems. Fully-actuated mechanical systems are feedback linearizable: most problems for fully-actuated mechanical systems can be reduced to equivalent problems for linear systems. The equations of motion of
a fully-actuated mechanical system are:
M (q)q̈ + h(q, q̇) = τ,
where q ∈ Rn is the vector of generalized coordinates, τ ∈ Rn is the vector
of generalized actuator forces, M (q) ∈ Rn×n is the positive definite inertia
matrix, and h(q, q̇) ∈ Rn is the bias vector, which typically contains Coriolis,
centrifugal and gravity forces. To move such a system from an initial configuration q0 to a final configuration q ∗ in a finite time T , one can compute an
acceleration trajectory q̈(t)∗ such that:
∗

ZT ZT

q = q0 +
0

q̈(t)∗ d t2 ,

0
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where we assumed zero initial velocity. Then the generalized force trajectory
that moves the system from q0 to q ∗ is given by:
τ (t)∗ = M q̈(t)∗ + h
On the other hand, underactuated systems are not feedback linearizable. The
equations of motion of an underactuated mechanical system with n DoFs and
a(< n) actuators are:
M (q)q̈ + h(q, q̇) = S T τ,

(6.1)

where S T ∈ Rn×a is a matrix that selects the a actuated degrees of freedom, and τ ∈ Ra . The problem of moving such a system from an initial
configuration q0 to a final configuration q ∗ is not trivial. At any instant of
time the system can only accelerate in certain directions. In particular the system accelerations q̈ lie on an a-dimensional manifold, which is configuration
dependent:
q̈ ∈ {z | z = M (q)−1 (S T τ − h(q, q̇)), τ ∈ Ra }

Non-holonomic
motion planning
deals with the
problem of finding
feasible trajectories
for underactuated
systems.

This implies that a particular acceleration trajectory that drives the system
from q0 to q ∗ may be unfeasible for an underactuated system. However, there
may exists another acceleration trajectory that also drives the system from q0
to q ∗ , which is feasible. It is important to note that many underactuated systems are controllable, namely it is always possible to find an input trajectory
τ (t) that steers the state of the system from q0 to q ∗ in finite time T , for any
q0 , q ∗ , T . The problem of finding feasible acceleration trajectories is tackled
in the field of non-holonomic motion planning, that models the underactuation as a non-integrable constraint on the system’s accelerations.
However, rather than focusing on motion planning, in this chapter we focus on the problem of controlling underactuated systems. We assume that a
desired acceleration is always given, in either task space (denoted ẍ∗ ) or configuration space (denoted q̈ ∗ ). In general we assume that desired accelerations
may be unfeasible, so we seek the control inputs that generate accelerations
that are “as close as possible” to the desired accelerations. The same applies
in case we control contact forces rather than accelerations.
We start with the motion control of unconstrained floating-base robots
(which are a class of underactuated systems), both in configuration space
(section 6.2.1) and in task space (section 6.2.2). Floating-base systems can be
modeled as fixed-base systems, by installing a 6-DoF joint between the fixed
base and the body representing the floating base [Featherstone 2008]. Then,
we move to the control of both motion and contact forces of constrained
floating-base systems (section 6.3). We show how the presented control laws
simplify when these systems are sufficiently constrained (see section 6.22),
i.e. they are subject to a number of constraints that is sufficient to make their
constrained motion completely feasible. Along the way, we pay particular attention to the computational cost of the devised control laws, trying to avoid,
whenever possible, the computation of the joint space inertia matrix M .

6.1 I N T R O D U C T I O N A N D M O T I VAT I O N S

6.1.1

Dynamics of Floating-Base Systems

We introduce the notation that we use in this chapter, which is typical of
floating-base mechanical systems. First of all we introduce two selection matrices:
i
h
S = 0n×6 In
i
h
(6.2)
U = I6 06×n ,
where S ∈ Rn×n+6 is the matrix selecting the n actuated joints, whereas
U ∈ R6×n+6 is the matrix selecting the 6 (floating-base) passive joints. The
state of a floating-base system is not uniquely represented by just its joint
positions qj ∈ Rn . A 6-DoF virtual joint is attached to the robot base to
encode its position and orientation in the space:
 
xb
q= 
xb ∈ R6 , q j ∈ Rn
qj
The Jacobian J = ∂f∂q(q) ∈ Rm×n+6 of a generic point of the robot can then
be decomposed as:
i h
h
i
(q)
∂f (q)
=
J = ∂f
Jb ∈ Rm×6 , Jj ∈ Rm×n
Jb Jj
∂x
∂q
b

j

The equations of motion of a floating-base robot are:
M (q)q̈ + h(q, q̇) = S T τ,

(6.3)

where M ∈ Rn+6×n+6 is the positive definite joint space inertia matrix, q̈ ∈
Rn+6 are the joint accelerations, h(q, q̇) ∈ Rn+6 are the bias forces, and
τ ∈ Rn are the actuated joint torques. This equation can also be written in
block matrix form, separating the motion of the floating-base from the motion
of the real joints:

    

M
M
ẍ
h
0
6×n 
bj   b 
b
 b
+ =
τ
(6.4)
T
Mbj Mj
q̈j
hj
In
where Mj ∈ Rn×n , Mb ∈ R6×6 , Mbj ∈ R6×n , ẍb ∈ R6 , and q̈j ∈ Rn . The
inverse of the inertia matrix M −1 may also be represented as a block matrix:


N
N
b
bj 
M −1 = 
T
Nbj Nj
T −1
Nb = (Mb − Mbj Mj−1 Mbj
)
T
Nj = (Mj − Mbj
Mb−1 Mbj )−1

Nbj = −Nb Mbj Mj−1 = −Mb−1 Mbj Nj

(6.5)
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The pseudoinverses of S and U , weighted with M −1 , are going to play an
important role in the derivation of some control laws, so we report them here:




−1
Nbj  −1 −Mb Mbj 
+
−1 T
S̄ = SM
S (SM −1 S T )−1 = 
Nj =
−1 = M
Nj
In




Nb  −1 
I6
+
−1 T

Ū = UM
U (U M −1 U T )−1 = 
Nb =
−1 = M
−1
T
T
Nbj
−Mj Mbj
Note that the final expressions of S̄ and Ū do not depend on the whole inertia
matrix, but they depend on Mb and Mbj only, so they are easier to compute.
This decomposition of the inverse of the inertia matrix is going to be used in
the next sections (see the appendix B.2 for the proof):
M −1 = S̄Nj S̄ T + U T Mb−1 U
6.2

(6.6)
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This section reviews the basic techniques for the position control of unconstrained floating-base systems, both in joint space and in task space.
6.2.1

Joint Space Control

Since we cannot control the entire state of an underactuated system, we aim
to control a subset of its joints, which typically is either the set of active joints
or the set of passive joints. It is well-known that the portion of the dynamics
corresponding to the active DoFs may be linearized by nonlinear feedback
[Spong 1994]. Furthermore, under a condition called “strong inertial coupling”, also the portion of the dynamics corresponding to the passive DoFs
may be linearized by nonlinear feedback.
6.2.1.1

Collocated Partial Feedback Linearization (PFL)

The problem of controlling the motion of the active joints qj , may be formulated as:
τ ∗ = argmin ||q̈j − q̈j∗ ||2
τ ∈Rn

s.t.

M q̈ + h = S T τ,

where q̈j∗ ∈ Rn are the desired active joint accelerations. This problem has
a unique solution (see appendix B.3 for the complete derivation), commonly
known as Collocated Partial Feedback Linearization [Spong 1998], and it is:
τ ∗ = Nj−1 q̈j∗ + S̄ T h

(6.7)

This control law cannot be computed using a standard inverse dynamics algorithm, such as the RNEA. For underactuated systems the inverse dynamics

6.2 U N C O N S T R A I N E D F L O AT I N G - B A S E S Y S T E M S

problem is actually a hybrid dynamics problem. Hybrid dynamics is a generalization of forward and inverse dynamics, in which the forces are known
at some joints, the accelerations at the rest, and the task is to calculate the
unknown forces and accelerations [Featherstone 2008]. In particular, for a
floating-base robot, we know the accelerations at the active joints, the forces
(which are zero) at the base joints, and we want to compute the joint torques.
Even though we are not interested in the base accelerations, they need to be
computed to calculate the joint torques. Without entering into the details of
the hybrid dynamics algorithms, we just report that the control law (6.7) can
be computed with a computational cost of O(2n), that is approximately twice
the cost of the RNEA. This is the minimum cost for an “inverse dynamics”
control law for floating-base robots, so, in the following, we aim at getting all
the control laws in the form of (6.7).
In conclusion, applying the control law (6.7) to a floating-base system, the
resulting motion is:

77

Partial feedback
linearization can be
computed with an
hybrid dynamics
algorithm.

q̈j = q̈j∗
ẍb = −Mb−1 (Mbj q̈j∗ + hb )
Only the part of the dynamics describing the motion of the active joint has
been linearized; that is the reason why this technique is called partial feedback linearization.
6.2.1.2

Non-Collocated Partial Feedback Linearization (PFL)

Under the condition of strong inertial coupling, it is possible to control the
passive DoFs of underactuated systems [Spong 1998]. In particular, in case of
floating-base robots, we want to control the floating-base accelerations, that
is we want to solve the following problem:
τ ∗ = argmin ||ẍb − ẍ∗b ||2E
τ ∈Rn

s.t.

M q̈ + h = S T τ,

where ẍ∗b ∈ R6 are the desired base accelerations and E > 0 is an arbitrary
weight matrix. Depending on the rank of Mbj , this problem may have one or
infinite solutions. In general, the solutions take this form (see appendix B.4
for the complete derivation):
∗
T
τ ∗ = −(Nb Mbj Mj−1 )+
W,E (ẍb + Nb Ū h)
−1
+ (I − (Nb Mbj Mj−1 )+
WE Nb Mbj Mj )τ0 ,

(6.8)

where W > 0 is an arbitrary weight matrix and τ0 is an arbitrary vector.
This expression gives the solution that minimizes ||τ − τ0 ||W . The condition
of strong inertial coupling requires that rank(Mbj ) ≥ 6. If this condition is
satisfied then we can get ẍb = ẍ∗b ∀ẍ∗b ∈ R6 , and (6.8) simplifies to:
+
+
(Nb−1 ẍ∗b + Ū T h) + Mj (I − Mbj
Mbj )Mj−1 τ0
τ ∗ = −Mj Mbj

(6.9)

Under the condition
of strong inertial
coupling we have
complete control of
the passive DoFs.
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Alternatively, this control law can be also put in the convenient hybrid dynamics form (such as (6.7)):
+
+
τ ∗ = Nj−1 (−Mbj
(Mb ẍ∗b + hb ) + (I − Mbj
Mbj )Nj τ̃0 ) +S̄ T h,
{z
}
|
(6.10)
q̈j∗

Under the condition of strong inertial coupling, both (6.9) and (6.10) result in
ẍb = ẍ∗b , but they use the task nullspace (if any) to minimize different quantities. In particular (6.9) minimizes ||Mj−1 (τ − τ0 )||, whereas (6.10) minimizes
||Nj (τ − S̄ T h − τ̃0 )||.
6.2.2

Task space PFL
generalizes PFL to
the control in task
space.

Task Space Partial Feedback Linearization (PFL)

We can exploit the principle of PFL to control the system in task space. Task
space PFL [Shkolnik and Tedrake 2008] is a generalization of collocated and
non-collocated PFL. As usual, we can formulate the control problem as a
constrained minimization:
τ ∗ = argmin ||J q̈ + J˙q̇ − ẍ∗ ||2
τ ∈Rn

s.t.

M q̈ + h = S T τ,

where ẍ∗ ∈ Rm are the desired task space accelerations, and J = ∂x
∂q ∈
m×n+6
R
is the task Jacobian. If m < n this problem has infinite solutions
(see appendix B.5 for the derivation), which can be written as:
τ ∗ = Nj−1 q̈j∗ + S̄ T h
+
−1
∗
˙
q̈j∗ = (J S̄)+
W (ẍ − J q̇ + Jb Mb hb ) + (I − (J S̄)W J S̄)q̈j0 ,

(6.11)

where q̈j0 ∈ Rn is an arbitrary vector, and W > 0, W ∈ Rn×n is an arbitrary
weight matrix. The control law takes the convenient hybrid dynamics form of
ˆ defined as:
(6.7). Note the introduction of a new Jacobian J,
Jˆ = J S̄ = Jj − Jb Mb−1 Mbj ,
The generalized
Jacobian considers
the dynamic
singularities of
floating-base
systems.

which is commonly known in space robotics as the Generalized Jacobian
[Umetani and Yoshida 1989]. This Jacobian takes into account the dynamic
coupling between the base and the joints of the robot. Through a singular
value decomposition (see appendix A.1) of Jˆ we can find the so-called dynamic singularities [Papadopoulos and Dubowsky 1992], that are configurations in which the control point cannot accelerate in some directions.
Differently from the fully-actuated case (see chapter 5) it is not possible
to completely decouple kinematics and dynamics. Part of the robot dynamics
has to be taken into account in the passage from task space to joint space
accelerations. However, this control law does not require the computation of
the whole mass matrix, but it needs only Mb and Mbj , which can be computed,
for instance, with 6 iterations of the RNEA. Especially for humanoid robots,
in which n is typically much larger than 6, not having to compute Mj can
heavily improve the performance of the controller.
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The collocated and non-collocated PFL can be derived as special cases of
the task space PFL (6.11) (see appendix B.5). In particular, if we set J = S
and ẍ∗ = q̈j∗ we get the collocated PFL. On the other hand, if we set J = U
and ẍ∗ = ẍ∗b we get the non-collocated PFL.
6.3

C O N S T R A I N E D F L O AT I N G - B A S E S Y S T E M S

This section deals with the control of constrained floating-base systems. First
we define constrained floating-base systems and we derive their equations
of motion. Then we review the classic approaches for the control of these
systems, which are based on the “constraint nullspace projection” technique.
Starting from section 6.3.5, we tackle the problem of controlling constrained
floating-base systems. First we deal with position control, including joint
space, task space and prioritized multi-task control. Then we move to force
control, considering both the control of all the constraint forces and the control of a subset of the constraint forces.
6.3.1

Dynamics of Constrained Floating-Base Systems

Consider a mechanical system that is subject to a set of k nonlinear equality
constraints:
c(q, q̇, t) = 0
For instance the system could be in rigid contact with the environment and the
constraints could represent the fact that the contact point(s) do not move in
the constrained directions. This is the typical constraint that we take as reference throughout the rest of this chapter, so we use interchangeably the terms
“contact force/Jacobian” and “constraint force/Jacobian”. Differentiating the
constraints twice with respect to time we get:
Jc q̇ = 0
Jc q̈ = −J˙c q̇,

In this thesis we
implicitly assume
that constraints are
due to rigid contacts.

(6.12)

∂c
where Jc = ∂q
∈ Rk×n+6 is the constraint Jacobian. The equations of motion
of a constrained floating-base system are then:

M q̈ + h − JcT f = S T τ,

(6.13)

where f ∈ Rk are the constraint forces, which prevent the system from violating the constraints. The introduction of these unknown contact forces f
complicates the control problem because we need to know f in order to compute τ .
A possible way around this problem is to measure the contact forces using
force/torque sensors. However, force/torque measurements are noisy and introduce delay in the control action. Moreover, in the field of walking robots,
very few platforms are equipped with enough sensors to measure contact

Relying on
force/torque sensors
is not the only (or
the best) solution.
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forces on their whole body, so this approach may be unfeasible. The next sections present different approaches to solve this problem without force/torque
sensors.
6.3.2

Constraint Nullspace Projection

The classical way to tackle this problem [Park 2006] is to exploit the fact that
the contact forces may be computed as a function of τ :
f = Λc (−J˙c q̇ + Jc M −1 (h − S T τ )),
where Λc = (Jc M −1 JcT )−1 is the constraint space inertia matrix. Substituting f in (6.13) we get:
M q̈ + N̄cT h + JcT Λc J˙c q̇ = N̄cT S T τ,

(6.14)

is the dynamically consistent Jacobian pseudoinverse
where J¯c = Jc +
M −1
[Khatib 1987], and N̄c = I − J¯c Jc is its nullspace projector. This equation
describes the motion of the system without the contact forces, so it can be
used to compute the control torques τ ∗ that generate the desired joint accelerations q̈ ∗ :
∗
T
T
˙
τ ∗ = (N̄cT S T )+
W (M q̈ + N̄c h + Jc Λc Jc q̇)

(6.15)

The main drawback of this equation is that it requires the computation of M −1
— which is hidden inside N̄c — an operation that may be computationally
expensive for a real-time controller.
A more recent approach [Aghili 2005; Righetti et al. 2011a] suggests to
eliminate the constraint forces from (6.13) by projecting it in the nullspace of
T =
the constraints. This is done by multiplying the robot dynamics times NcW
T
(I −Jc +
W Jc ) , so that we get (see the appendix B.6 for a detailed description):
T
[M q̈ + h − JcT f = S T τ ]
NcW
T
T
NcW
(M q̈ + h) = NcW
ST τ

(6.16)

This equation is a convenient alternative to (6.14), because it does not use
M −1 and it is overall simpler. To get the simplest formulation, in the following we are going to use W = I, so we can also exploits the symmetry of
orthogonal projectors: NcT = Nc . The control torques to get the desired joint
accelerations q̈ ∗ can then be computed as:
τ ∗ = (NcT S T )+ Nc (M q̈ ∗ + h)
This expression, differently from (6.15), does not require the computation of
the inertia matrix M .
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6.3.3

Constrained Direct Dynamics

Even though the focus of this work is on the control side, it is sometimes
necessary to express the joint accelerations q̈ as a function of the joint torques
τ (i.e. to solve the direct dynamics problem). Using (6.14) we can compute q̈
by multiplying both sides times M −1 :
q̈ = M −1 (N̄cT (S T τ − h) − JcT Λc J˙c q̇)

(6.17)

As we already mentioned, this equation is complex and in the previous section
we reported a convenient alternative, that is (6.16). Unfortunately, we cannot
use (6.16) as it is to compute q̈, because the matrix that premultiplies q̈, that
T M , is not invertible. To solve this issue we can multiply (6.12) times
is NcW
+
Jc W and sum the resulting equation to (6.16) to get [Aghili 2005]:
+ ˙
T
T
T
NcW
(M q̈ + h) + Jc +
W Jc q̈ = NcW S τ − Jc W Jc q̇
T
˙
(N T M + Jc + Jc ) q̈ = NcW
(S T τ − h) − Jc +
W Jc q̇
| cW {z W }
Mc

Since Aghili [2003] proved that Mc is always invertible, we can compute q̈
as:
T
˙
q̈ = Mc−1 (NcW
(S T τ − h) − Jc +
W Jc q̇)

(6.18)

Moreover, differently from (6.17), this expression does not require the set of
constraints to be linearly independent.
6.3.4

Sufficiently Constrained Floating-Base Systems

Using the singular value decomposition (see appendix A.1) of the constraint
Jacobian Jc we may gain some insights into the dynamics of constrained systems. Without loss of generality, we assume that Jc is full rank (if it is not, we
can always find a full-rank Jacobian that represents the system’s constraints),
hence its SVD takes the form:
 
h
i VT
Jc = U ΣV = U Σ1 0  1  = U Σ1 V1T ,
V2T
where V1 ∈ Rn+6×k is an orthonormal basis of the active space of Jc , whereas
V2 ∈ Rn+6×n+6−k is an orthonormal basis of the nullspace of Jc . By active
space of a matrix, we mean the subspace that is the orthogonal complement
of the nullspace of the matrix. We can then write the second derivative of the
constraints as:
Jc q̈ = −J˙c q̇
q̈ = −Jc+ J˙c q̇ + V2 q̈c ,
where q̈c ∈ Rn+6−k represents the actual freedom of motion of the constrained system. Substituting this expression of q̈ into the system dynamics
we get:
M (−Jc+ J˙c q̇ + V2 q̈c ) + h − V1 Σ1 U T f = τ
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We can now project the system dynamics onto the nullspace of Jc multiplying
times V2T , so that we get the motion dynamics:
V2T M V2 q̈c − V2T M Jc+ J˙c q̇ + V2T h = V2T τ

(6.19)

Similarly, we can get the constraint force dynamics by multiplying times
V1T M −1 :
V1T M −1 V1 Σ1 U T f − V1T Jc+ J˙c q̇ + V1T M −1 h = V1T M −1 τ

We decoupled the
motion dynamics
and the constraint
force dynamics.

(6.20)

Equation (6.19) describes the relationship between τ and q̈c , independently
of the constraint forces f . On the other hand, equation (6.20) describes the
relationship between τ and f , independently of the joint accelerations q̈c . In
other words, these two sets of equations decouple the motion dynamics and
the constraint force dynamics.
Looking at (6.19) it is clear that the (constrained) motion of the system is
completely controllable, because V2T is full-row rank and, as a consequence,
V2T M V2 is invertible. This implies that ∀q̈c∗ ∈ Rn+6−k there exists at least
one value of τ such that q̈c = q̈c∗ . In particular, that value of τ would be:
τ ∗ = V2 V2T (M (V2 q̈c∗ − Jc+ J˙c q̇) +h) = Nc (M q̈ ∗ + h)
|
{z
}
q̈ ∗

However, if the system is underactuated the situation changes. The motion
dynamics (6.19) becomes:
V2T M V2 q̈c − V2T M Jc+ J˙c q̇ + V2T h = V2T S T τ

(6.21)

While V2T is always full-row rank, the matrix V2T S T ∈ Rn+6−k×n may be
not. In that case, there would be some values of q̈c that could not be generated
by any τ . In particular, if k < 6 then V2T S T is skinny, hence it cannot be fullrow rank by definition. If instead k ≥ 6 then V2T S T can be (and often times
it is) full-row rank, so any motion can be achieved. In the following, if an
underactuated system is subject to enough constraints to verify the condition:
rank(V2T S T ) = n + 6 − k,

(6.22)

then we say that the system is “sufficiently constrained”. Note that the condition (6.22) is not equivalent to k ≥ 6, but it is tighter, meaning that (6.22)
implies k ≥ 6, but k ≥ 6 does not imply (6.22). When a floating-base system
is sufficiently constrained, it means that:
• inside the constraint-consistent motion manifold, the system behaves
as if it were fully-actuated;
• the contact constraints reduce the degrees of freedom of the system, but
the underactuation does not reduce them any further.
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We have to remember that we are going to implement these controllers on a
digital machine, on which the concept of “rank of a matrix” depends on the
threshold used to discriminate when a value is small enough to be considered
zero. Typical values for this threshold are around 10−10 , but when evaluating
the rank of V2T S T , we may want to set that threshold higher than usual. Using
a threshold that is too small, we may believe that a system is sufficiently constrained, while to accelerate in certain directions it requires joint torques that
are so large, that from a practical standpoint the system is actually not sufficiently constrained. In the next sections we are going to exploit this analysis
to simplify the control of floating-base systems.
6.3.5

Joint Control

We want to control the motion of a constrained floating-base system in joint
space, that is we want to solve this problem:
τ ∗ = argmin ||q̈ − q̈ ∗ ||2E
τ ∈Rn

s.t.

M q̈ + h − JcT f = S T τ
Jc q̈ = −J˙c q̇,

where E > 0 is an arbitrary weight matrix, and q̈ ∗ ∈ Rn+6 are the desired
joint accelerations, which we assume to be constraint consistent. We can easily check whether the desired joint accelerations are constraint consistent by
computing:
Jc q̈ ∗ + J˙c q̇,
and verifying that it is zero. In case it is not, we can project the desired joint
accelerations into the constraint-consistent motion manifold, to get the “closest” constraint-consistent joint accelerations.
In general there is no τ such that q̈ = q̈ ∗ , even if q̈ ∗ are constraint consistent, because the system is subject to the underactuation constraints, which
may make the desired motion unfeasible. The solution of this problem is (see
appendix B.7 for the derivation):
τ ∗ = (EMc−1 Nc S T )+ EMc−1 Nc (M q̈ ∗ + h)
If we want to minimize the norm of the joint acceleration error, we have to set
E = I. Doing that, we get a control law that is computationally expensive, because it requires the computation of M (which appears inside Mc ). However,
if the system is sufficiently constrained (i.e. V2T S T is full-row rank) then τ ∗
will result in q̈ = q̈ ∗ . In this case the matrix E does not affect the solution, so
we can set it to the most convenient value, that is E = Mc :
τ ∗ = (Nc S T )+ Nc (M q̈ ∗ + h)

(6.23)

This control law is very efficient, because it can be computed with one iteration of RNEA. Note that using (6.23) when the system is not sufficiently
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constrained means that we do not minimize the joint acceleration error, but a
weighted version of it. Alternatively, rather than using Nc , we could use any
matrix whose columns span the nullspace of Jc , e.g. the matrix V2 from the
SVD of Jc :
τ ∗ = (V2T S T )+ V2T (M q̈ ∗ + h)
This form has the advantage of computing the pseudoinverse of a smaller
matrix: V2T S T ∈ Rn+6−k×n , while Nc S T ∈ Rn+6×n .
6.3.6

Task Space Control

We want to control the motion of a floating-base constrained system in task
space, that is we want to solve this problem:
τ ∗ = argmin ||J q̈ + J˙q̇ − ẍ∗ ||2E
τ ∈Rn

s.t.

M q̈ + h − JcT f = S T τ
Jc q̈ = −J˙c q̇,

(6.24)

where E > 0 is an arbitrary weight matrix, ẍ∗ ∈ Rm are the desired task
m×n+6 is the task Jacobian. Using (6.18)
space accelerations and J = ∂x
∂q ∈ R
(with W = I) we can formulate an equivalent unconstrained problem:
τ ∗ = argmin ||JMc−1 (Nc (S T τ − h) − Jc+ J˙c q̇) + J˙q̇ − ẍ∗ ||2E
τ ∈Rn

This problem has in general infinite solutions, which can be expressed as:
∗
−1
+ ˙
˙
τ ∗ = (JMc−1 Nc S T )+
E,W (ẍ − J q̇ + JMc (Nc h + Jc Jc q̇))
−1
T
+ (I − (JMc−1 Nc S T )+
E,W JMc Nc S )τ0 ,

where τ0 ∈ Rn is an arbitrary torque vector, W > 0, W ∈ Rn×n weighs the
distance between τ and τ0 , and E > 0, E ∈ Rm×m weighs the task acceleration error. This expression is rather complex and it requires the computation
of M −1 . If the matrix JMc−1 Nc S T ∈ Rm×n is full-row rank, then the task is
feasible and the matrix E does not affect the solution. Unfortunately, there is
no choice of E (or W ) that simplifies this expression, but we can exploit our
previous analysis to find a way around this issue.
We know that if the system is sufficiently constrained (i.e. rank(V2T S T ) =n+
6 − k) then the constraint-consistent motion is completely attainable. If this
condition is verified, and the desired task is constraint consistent (i.e. rank(JNc ) =
rank(J)), then we can solve the problem at kinematic level, neglecting the
underactuation constraint and considering only the contact constraints. Once
we have computed the desired joint accelerations, we can compute the corresponding joint torques using (6.23). In conclusion, if the system is sufficiently
constrained then the problem (6.24) is equivalent to this problem:
τ ∗ =(Nc S T )+ Nc (M q̈ ∗ + h)
q̈ ∗ = argmin ||J q̈ + J˙q̇ − ẍ∗ ||2E
q̈∈Rn

s.t.

Jc q̈ = −J˙c q̇
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The solutions of this problem are:
q̈ ∗ = −Jc+ J˙c q̇+(JNc )+ (ẍ∗ − J˙q̇+JJc+ J˙c q̇)+(I −(JNc )+ JNc )q̈0 , (6.25)
where q̈0 ∈ Rn+6 is an arbitrary joint acceleration vector. Note that q̈ ∗ can
always be generated, because it is constraint consistent.
6.3.7

Hierarchical Extension

We generalize the solution (6.25) to the case of an arbitrary number of tasks
N , for the case of sufficiently constrained system:
τ ∗ =(Nc S T )+ Nc (M q̈ ∗ + h)
q̈ ∗ =q̈1 + Np(0) q̈0∗
q̈i =q̈i+1 + (Ji Np(i) )+ (ẍ∗i − J˙i q̇ − Ji q̈i+1 )

i ∈ [1, N ] (6.26)

+

Np(i) =Np(i+1) − (Ji+1 Np(i+1) ) Ji+1 Np(i+1)
q̈N +1 = −Jc+ J˙c q̇,
Np(N ) = Nc ,
In this form, kinematics and dynamics are completely decoupled: first we
solve the multi-task prioritization at kinematic level computing q̈ ∗ , then we
compute the torques to generate the desired joint accelerations. This decoupling is only possible because we are assuming that the system is sufficiently
constrained, hence we can neglect the system dynamics when handling the
prioritization.
6.3.8

For sufficiently
constrained robots,
we can decouple
kinematics and
dynamics in the
control problem.

Force Control

Even if we are considering systems that are in contact with the environment
(i.e. constrained), so far we have dealt with position control only. The strategy
of removing the constraint forces from the dynamics of the system proved
very useful, because it allowed us to derive control laws that do not need
contact force measurements. However, this approach is safe only as long as
the contact geometry does not allow the robot to apply unbounded contact
forces. For instance, if the robot is in contact with the ground only (typically
with its feet), we know that the contact forces are limited by the weight of
the robot, so we can safely decide not to control them. On the contrary, if the
robot makes additional contacts with the environment (see Fig. 6.1 1 ), then
it can apply much higher contact forces, which in general are only limited
by the power of the motors. In these situations we need to control — besides
the constraint consistent motion — the constraint forces too. In particular, we
can distinguish two cases: either we want to control all the constraint forces,
or we want to control just a subset of them. The next two subsections deal
separately with these two cases.

1 Photos by Serena Ivaldi.

In certain situations
projecting the
dynamics into the
constraint nullspace
does not work!
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(a)

(b)

Figure 6.1: The iCub robot standing while making contact with the environment.

6.3.8.1

Complete Force Control

In case we want to control all the constraint forces acting on the robot, we
can formulate the control problem as:
τ ∗ = argmin ||f − f ∗ ||2
τ ∈Rn

s.t.

M q̈ + h − JcT f = S T τ
Jc q̈ = −J˙c q̇

This problem has in general infinite solutions (see appendix B.8 for the complete derivation), which can be written in the convenient hybrid dynamics
form of (6.7), with an extra term for the contact force:
τ ∗ = −(Jc S̄)T f ∗ + Nj−1 q̈j∗ + S̄ T h
T ∗
q̈j∗ = (Jc S̄)+ (Jcb Mb−1 (hb − Jcb
f ) − J˙c q̇) + (I − (Jc S̄)+ Jc S̄)q̈j0 ,

where q̈j0 ∈ Rn is an arbitrary joint acceleration vector. Similarly to the taskspace PFL (6.11), the task Jacobian Jc is replaced by the Generalized Jacobian Jc S̄, which takes into account the dynamic coupling between floatingbase and actuated joints. The nullspace of the force control task can be used to
perform secondary tasks; considering the general case of N tasks, in which

6.3 C O N S T R A I N E D F L O AT I N G - B A S E S Y S T E M S

the higher priority task regulates the constraint forces (i.e. JN = Jc and
ẍN = 0), we have:
τ ∗ = − (Jc S̄)T f ∗ + Nj−1 q̈ ∗ + S̄ T h
q̈ ∗ =q̈1 + Np(0) q̈0∗
T
q̈i =q̈i+1 + (Ji S̄Np(i) )+ (ẍ∗i − J˙i q̇ + Ji (U T Mb−1 (hb − Jcb
f ) − S̄ q̈i+1 ))

Np(i) =Np(i+1) − (Ji+1 S̄Np(i+1) )+ Ji+1 S̄Np(i+1) ,
(6.27)
with i ∈ [1, N ]. The computation is initialized setting q̈N +1 = 0 and Np(N ) = I.
If Jc S̄ is full rank, the constraint forces f are equal to the desired forces,
hence we can set f = f ∗ . If this is not the case, we can either measure the
constraint forces or compute them as:
f = (Jc M −1 JcT )−1 (Jc M −1 (h − S T τ ) − J˙c q̇)
Unfortunately this expression requires the inverse of the inertia matrix, which
is expensive to compute.
6.3.8.2

Partial Force Control

If an underactuated system is subject to more constraints than those necessary for guaranteeing the sufficiently constrained condition, then it may be
desirable to control a subset of the constraint forces. For instance, consider
a humanoid robot with both feet in rigid contact with the ground and one
hand in rigid contact with a table (see Fig. 6.1). The 12 constraints due to the
contact with the ground are definitely enough to make the system sufficiently
constrained, so the 6 generalized forces due to the contact with the table can
be controlled.
Let us introduce a new contact Jacobian Jf ∈ Rkf ×n+6 , which is associated to the constraint forces that we wish to control (i.e. controlled constraints), whereas Jc ∈ Rk×n+6 is the Jacobian associated to the remaining
constraints (i.e. supporting constraints). The control problem may be formulated as:
τ ∗ = argmin ||f − f ∗ ||2
τ ∈Rn

s.t.

M q̈ + h − JcT fc − JfT f = S T τ
Jc q̈ = −J˙c q̇
Jf q̈ = −J˙f q̇

Appendix B.9 derives the solution of this problem; we report here only the
final results. The problem has in general infinite solutions, given by:
+ ˙
˙
ˆ −1 ĥ − JˆM̂ −1 JˆT f ∗ )
τ ∗ = (JˆM̂ −1 V2T S T )+
W ((Jf Jc Jc − Jf )q̇ + J M̂
+ (I − (JˆM̂ −1 V2T S T )+ JˆM̂ −1 V2T S T )τ0 ,
W

(6.28)
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where V2 is a matrix whose columns are an orthogonal base for the nullspace
of Jc and, to simplify the notation, we defined the new variables M̂ , ĥ and Jˆ
as:
M̂ = V2T M V2
ĥ = V2T h − V2T M Jc+ J˙c q̇
Jˆ = Jf V2
This solution is complex and computationally inefficient but, under the assumption that the controlled system is sufficiently constrained, we can simplify it to:
+ ˙
τ ∗ = (V2T S T )+ V2T (−JfT f ∗ + M (−Jcf
Jcf q̇ + Ncf q̈0 ) + h),

h
i
T =
T
T
where Jcf
Jc Jf is the Jacobian that considers both the supporting
constraints and the controlled constrained. Differently from (6.28), this solution does not require the computation of M .
We can extend this control law to the general case in which the robot has to
perform N tasks. The partial force control task has highest priority, because
it is a physical constraint and hence it cannot be violated by definition. The
control torques can be computed as:
τ ∗ =(V2T S T )+ V2T (M q̈ ∗ + h − JfT f ∗ )
q̈ ∗ =q̈1 + Np(0) q̈0∗
q̈i =q̈i+1 + (Ji Np(i) )+ (ẍ∗i − J˙i q̇ − Ji q̈i+1 )

∀i ∈ [1, N ]

(6.29)

Np(i) =Np(i+1) − (Ji+1 Np(i+1) )+ Ji+1 Np(i+1) ,
where JN = Jcf , Np(N ) = I, ẍ∗N = 0 and q̈N +1 = 0. Kinematics and
dynamics are decoupled, so τ ∗ can be efficiently computed with the Recursive
Newton-Euler Algorithm. Soft force control tasks (see section 5.5.3.1) can be
controlled as well, treating them as position control tasks, in which we set the
reference acceleration as:
ẍ∗i = ki−1 f¨i∗ ,
where ki is the i-th contact stiffness and f¨i∗ is the i-th reference force acceleration.
6.3.9

Summary

To summarize the theoretical results of this chapter, we report here the basic
control laws that we derived. We restrict this list to the control laws for sufficiently constrained floating-base robots, because our interest lies in humanoid
robots, which, in most cases, are sufficiently constrained.
• Joint space position control of sufficiently constrained robot:
τ ∗ = (V2T S T )+ V2T (M q̈ ∗ + h)
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• Task space position control of sufficiently constrained robot:
τ ∗ = (V2T S T )+ V2T (M q̈ ∗ + h)
q̈ ∗ = −Jc+ J˙c q̇ + (JV2 )+ (ẍ∗ − J˙q̇ + JJc+ J˙c q̇) + (I − (JV2 )+ JV2 )q̈0
• Partial force control of sufficiently constrained robot:
+ ˙
τ ∗ = (V2T S T )+ V2T (M (−Jcf
Jcf q̇ + Ncf q̈0 ) + h − JfT f ∗ )

Note that in these control laws the matrix V2 , whose columns span the nullspace
of the constraint Jacobian Jc , can be replaced by the nullspace projector Nc .
6.4

TESTS

This section presents some tests to validate the control laws for constrained
floating-base robots that we derived in this chapter. These tests mainly focus
on the control of a robot with both feet lying flat on the ground. The contacts
between feet and ground result in 12 independent constraints, so the system is
sufficiently constrained. This allowed us to exploit the simplified control laws
for prioritized position control (6.26) and partial force control (6.29). We did
not use in the tests the law for complete force control (6.27), because we think
it is more suited to the control of space robots than humanoid robots.
Tests 1 and 2 focus on the control of the center of mass and its projection on
the ground, so as to move the robot while balancing. In test 3 the robot made
contact on a wall with its right hand, and it controlled the contact interaction
employing the partial force control framework (6.29). Test 4 investigates how
to solve the discontinuity due to transitions in the number of contacts, by
exploiting partial force control.
6.4.1

Test Details

In every test, for each task we report a plot depicting three trajectories:
• xd : desired trajectory specified by the user and processed by a trajectory
generator to produce the reference trajectory;
• xr : reference trajectory produced by a trajectory generator along with
the reference velocity and acceleration trajectories (i.e. ẋr , ẍr );
• x: real trajectory measured during the test.
To generate reference position/velocity/acceleration trajectories we used the
approach proposed by Pattacini et al. [2010], which provides approximately
minimum jerk trajectories. The trajectory generator is implemented as a 3rd
order dynamical system, which takes as input the desired trajectory xd (t) and
outputs the three position/velocity/acceleration reference trajectories xr (t),
ẋr (t), ẍr (t). The reference position trajectory follows the desired position
trajectory with a velocity that depends on the parameter “trajectory time”. A
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PID control law computes the commanded accelerations ẍ∗ , starting from the
reference positions, velocities and accelerations:
ẍ∗ = ẍr + Kd (ẋr − ẋ) + Kp (xr − x),
where Kd , Kp > 0, Kd , Kp ∈ Rm×m are diagonal matrices acting as derivative and proportional gains, respectively. We express any force and position
with respect to the world reference frame, which is located on the ground,
between the feet of the robot (see Fig. 6.2). From the standpoint of the robot,
the x axis (red) points forward, the y axis (green) points leftward, and the z
axis (blue) points upward.
The controllers used damped pseudoinverses [Chiaverini 1997] to ensure
stability near singularities. The damping factor was always set to 5 · 10−3 .
To avoid interferences between tasks, the nullspace projection matrices were
computed without any damping.
We tested the presented control framework on a customized version of the
Compliant huManoid (CoMan) simulator [Dallali et al. 2013] (the same used
in chapter 5). The robot has 23 DoFs: 4 in each arm, 3 in the torso and 6
in each leg. To compute direct and inverse dynamics we used C functions,
generated with the Robotran symbolic engine webpage [2012]. Rigid contact
forces were simulated using linear spring-damper models, with the stiffness
and damping values proposed by Dallali et al. [2013], that are, respectively,
2 · 105 N/m and 103 N s/m. The Simulink variable step integrator ode23t integrated the equations of motion of the robot, with relative and absolute tolerance of 10−3 and 10−6 , respectively.
6.4.2

Test 1: Static Balance

In this test we controlled a (sufficiently) constrained floating-base robot in
task space, using the control laws derived in section 6.3.6. To control a floatingbase robot, first of all we need to control its center of mass (COM), because
it is at the basis of any balance strategy. The COM position xCOM ∈ R3 is
defined as:
xCOM =

NB
1 X
mi xCi ,
M
i=1

where M is the total mass of the robot, NB is the number of links of the robot,
mi is the mass of link i, and xCi ∈ R3 is the position of the center of mass of
∈
link i. To control the COM we need to define its Jacobian JCOM = ∂xCOM
∂q
3×n+6
R
:
JCOM

NB
1 X
=
mi JCi ,
M
i=1

∂x

where JCi = ∂qCi ∈ R3×n+6 is the Jacobian of the center of mass of link i.
This first test controlled the projection of the COM on the ground (2 DoFs),
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Figure 6.2: Test 1: side swing. The robot controls the projection of its center of mass
on the ground, moving it left and right. Note that the altitude of the COM
is not controlled.
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Figure 6.3: Test 1: back-forth swing. The robot controlled the projection of its center
of mass on the ground, moving it back and forth. The altitude of the COM
was not controlled.
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keeping it inside the support polygon defined by its feet. A secondary postural task stabilized the robot in joint space, attracting it towards the initial
joint configuration. Overall, the robot performed two tasks, listed here with
decreasing priority:
COM:

2 DoF (xy plane), control the projection of the COM on the ground;

POSTURE:

29 DoF, maintain the initial joint posture.

This test was divided into two subtests. In the first subtest the feet of the
robot lied on the ground, one next to each other, and we moved the desired
COM position sideways, i.e. along the y direction (see Fig. 6.2). In the second
subtest the right foot was placed about 30 cm in front of the left foot, and we
moved the desired COM position back and forth, i.e. along the x direction (see
Fig. 6.3). In both subtests the tracking of the reference position was almost
perfect (the RMSE was about 0.03 mm).
6.4.3

Test 2: Squat

In this test we controlled all the three components of the COM position. As in
the previous test, the robot was (sufficiently) constrained and we performed
a task space control, using the control laws derived in section 6.3.6. We gave
higher priority to the control of the x and y COM position, because they are
critical for the balance of the robot. The control of the COM position along
the z direction was then a secondary task. Overall, the robot performed three
tasks, listed here with decreasing priority:
COM:

2 DoF (xy plane), control the projection of the COM on the ground;

COM:

1 DoF (z direction), control the altitude of the COM;

POSTURE:

29 DoF, maintain the initial joint posture.

We maintained the desired COM position constant along the x and y directions; along the z direction the desired COM position was a sinusoid of amplitude 12 cm and period of about 6 seconds. The resulting motion was an
“up and down” squat. Fig. 6.4 shows that the tracking of the reference COM
position was almost perfect (the RMSE was 0.03 mm for the higher priority
task, and 0.34 mm for the lower priority task).
6.4.4

Test 3: Partial Force Control

In this test we controlled the robot using the partial force control law introduced in section 6.3.8.2. The term “partial” refers to the fact that we controlled only a subset of the forces acting on the robot. In particular, in this test
the robot made contact with a rigid wall using its right hand, and it regulated
the contact force to the specified value of 20 N. On the contrary, the contact
forces at the feet were not controlled. After making contact, we shifted the
desired position of the COM along the y direction, so that the robot leaned
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(c) Tracking of the center of mass.

Figure 6.4: Test 2: squat. The robot controls its center of mass, moving it up and
down.
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Figure 6.5: Test 3: partial force control. First the robot made contact on the yellow
wall with its right hand; then it moved its COM towards the wall; finally
it moved its COM back towards the middle of its feet.
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(a) Contact force on the right hand. After about 3 seconds the right hand made contact with the
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Figure 6.6: Test 3: force control. The robot controlled both the contact force on its
right hand and the projection of its center of mass on the ground, moving
it along the y axis.
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against the wall, exploiting the additional support provided by the contact on
its hand. Overall, the robot performed three tasks, listed here with decreasing
priority:
FORCE:

1 DoF (y direction), control the contact force exerted with the right
hand on the wall;

COM:

2 DoF (xy plane), control the projection of the COM on the ground;

POSTURE:

29 DoF, maintain the initial joint posture.

The robot managed to successfully control both the force exerted on the wall
and the position of its COM: the RMSE for the force task was about 0.01 N,
while for the COM task it was about 0.6 mm.
6.4.5

Test 4: Switching Supporting Leg

In this test we tackle the problem of switching from double support to single
support. When walking, the contact constraints change discontinuously: the
robot alternates between double support phases, having both feet in contact
with the ground, and single support phases, having only one foot in contact
with the ground. These discontinuities in the contact constraints cause discontinuities in the control action, which in turn may result in jerky motion, or
even instability. In this test we show how the partial force control law introduced in section 6.3.8.2 can eliminate the discontinuities due to changes in
the contact constraints. The strategy is simple: when switching from double
to single support, we want to avoid abrupt changes in the contact forces, so,
we actively control the constraint force associated to the constraint that we
just removed, to generate a smooth transition of that force to zero. In particular, in this test we switched from double support to single support on the left
leg. After moving the COM on top of the left foot, we switch to single support, removing the constraints generated by the contact between the right foot
and the ground. This would normally result in a discontinuity in the contact
forces at the right foot. To avoid that, we activated a (partial) force control,
which regulated the contact force at the right foot, starting from its value at
the time of the switch (i.e. about 100 N) towards zero. At this point the foot
was ready to be moved. However, we did not move it, because we wanted to
switch back to double support. This time we increased the contact force at
the right foot to 100 N, and then we switched the controller back to double
support, reintroducing the constraints at the right foot. This ensured a smooth
transition between the different constraint situations (see the absence of discontinuities in the contact force in Fig. 6.7). Overall, the robot performed
three tasks, listed here with decreasing priority:
FORCE:

3 DoF, control the contact force exerted with the right foot on the
ground;

COM:

2 DoF (xy plane), control the projection of the COM on the ground;
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Figure 6.7: Test 4: switching supporting leg. First the robot moved its COM on the
left foot; then, right after switching to single support, it regulated the
force between the right foot and the ground to zero; finally, it increased
the same contact force to 100N, to prepare for the switch to double support.
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POSTURE:

29 DoF, maintain the initial joint posture.

The robot managed to successfully control both the force exerted on the
ground and the position of its COM: the RMSE for the force task was about
0.01 N, while for the COM task it was about 3 mm.
6.5

CONCLUSIONS AND FUTURE WORK

This chapter extended the “Task Space Inverse Dynamics” control framework
to the control of floating-base systems, such as humanoid robots. First, we
treated the case in which the robot is not in contact with the environment
(i.e. unconstrained), typical of space robotics. For this scenario, we reviewed
the “partial feedback linearization” technique, in its two well-known versions:
collocated (to control the active joints) and non-collocated (to control the passive joints). We also reviewed the “task-space partial feedback linearization”,
which is a generalization of “partial feedback linearization” to the control in
task space.
Second, we focused on robots in contact (i.e. constrained), starting with
a review of the “constraint nullspace projection” technique, which allows to
express the dynamics of the systems independently of the constraint forces.
Using this technique we derived position control laws that do not require
measurements of contact forces. This is an important point, because most
robotic platforms can not measure contact forces on their whole body. Moreover, force measurements are typically noisy and need to be filtered, hence
they introduce disturbances and delays in the control action. We analyzed
the dynamics of constrained floating-base systems, showing that, when these
systems are sufficiently constrained, the constrained motion is completely attainable. This has strong implications, because it allows us to neglect the
underactuation constraints in the derivation of their control laws (i.e. to treat
them as fully-actuated systems), simplifying the resulting analytical expressions. We derived position control laws for constrained floating-base robots,
both in joint space and in task space, showing how these expressions simplify
in case of sufficiently constrained robots.
Finally, we tackled force control, dealing first with the control of all the constraint forces, and then with the control of a subset of the constraint forces.
Also in this case we show how the control laws may benefit from the sufficiently constrained condition.
Simulation tests with a 23-DoF humanoid robot validated the presented
control framework, proving its effectiveness in balancing the robot on its feet
while performing other position/force tasks. We also showed how to ensure
smooth transitions in the contact state of the robot, which naturally arise in
walking and running.
6.5.1

Limitations and Extensions

This section briefly discusses the limitations of the presented control framework, looking at its future extensions. Task Space Inverse Dynamics is a con-
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trol framework for position and force control of constrained floating-base
robots. Under many aspects, it is similar to other control frameworks, such
as De Lasa and Hertzmann [2009]; Jeong [2009]; Mistry and Righetti [2011];
Peters et al. [2007]; Saab et al. [2011a]; Sentis and Khatib [2005], and it
shares with them most of its limitations.
The main assumption when dealing with constrained robots is the definition of the constraints: we always assumed no motion along the constrained
directions. Considering the typical case of a rigid contact constraint, along the
normal to the surface, motion is actually constrained in only one direction: for
instance a foot can not penetrate the ground, but it can move upward. Along
the tangent plane instead, friction provides bilateral constraints, but only as
long as the applied forces stay within the cone of friction. Since the control
laws that we derived in this chapter are based on the assumption of no motion
along the constrained directions, they could try to generate constraint forces
that are not physically feasible. Righetti et al. [2011b] tried to solve this issue by using the constraint redundancy (in the typical case in which there are
more than 6 constraints) to minimize a quadratic cost in the constraint forces.
This cost can be designed to minimize the tangential forces and/or the moments around the feet, but still it can not guarantee the physical consistency
of the constraint forces. A safer approach is to include inequality constraints
into the control problem [Righetti and Schaal 2012; Saab et al. 2011a,b], so
that it allows for unilateral contact constraints and (an approximation of) friction cone constraints. The resolution of the control problem requires then a
quadratic programming (QP) solver, which is computationally more expensive than a solution based on pseudoinverses; however, the authors claim that
the computation time of the controller is still less than 1 ms, and so perfectly
suitable for fast torque control loop.
Another limitation of the presented control framework is that it does not
consider joint limits and motor torque limits. These limits can be easily included in the control problem as inequality constraints, using then a QP solver
to compute the control torques.
A much more complex problem is due to the need for planning: these control frameworks guarantee instantaneous (local) optimality, but they do not
reason globally. For instance, it may happen that a lower priority task leads
the robot into a configuration in which a higher priority task becomes singular, hence unfeasible. To tackle this issue the cost function should consider
not only the instantaneous acceleration/force error, but it should take into account the error over a certain time horizon. When the time horizon is finite,
this approach takes the name of model predictive control [Manchester et al.
2011; Tassa et al. 2012]. It would be interesting to extend the presented framework to the case of finite horizon optimal control, but many issues needs to
be considered, such as prioritization and computational cost of the solution.

7

CONCLUSIONS AND FUTURE WORK

This thesis dealt with the control of contact forces on a humanoid robot, using
tactile sensors and force/torque sensors. This work belongs in the field of
active force control, that is it did not resort to passive compliant elements
(i.e. springs). The first part of the thesis treated calibration and estimation
issues, which were preparatory for the force control framework presented in
the second part.
7.1

S U M M A RY

Chapter 2 described a new method for the spatial calibration of a network
of tactile sensors, namely the estimation of the 3D position of each tactile
sensor. The method is based on the measurement of external forces applied
on the sensorized part of the robot’s body. A similar technique had been previously used to estimate contact positions from force/torque measurements
[Bicchi et al. 1993b], but it required a mathematical description of the robot
surface. Our calibration method, instead, can work either with or without the
description of the surface where the tactile sensors are located. We validated
the presented technique by calibrating all the tactile sensors on the arms of
the iCub robot (about 1500 sensors), with a precision of about 7 mm.
Chapter 3 leveraged the calibrated tactile sensors, together with the distributed force/torque sensors, to estimate external contact forces. We have implemented the presented method as part of the open source C++ library iDyn
[Fumagalli et al. 2012], and we have tested it on the iCub robot. This technique relies on the Recursive Newton-Euler Algorithm [Siciliano and Khatib
2008] to estimate locations and magnitudes of an arbitrary number of contacts
occurring on any part of the robot.
Chapter 2 and 3 laid the foundations for the implementation of whole-body
force control on the iCub robot. Chapter 4 investigated the role of tactile
sensors in explicit force control: we have carried out an analytical analysis on
the effect that errors in contact localization have on contact forces. This gave
us the necessary tools to quantify the expected uncertainties in contact forces
that are due to uncertainties in the spatial calibration of the tactile sensors.
Besides the theoretical analysis — which has been validated in simulation
— we have implemented explicit force control and parallel control on the
iCub robot, and we have empirically evaluated the benefits of precise contact
localizations. With explicit force control, introducing of an error of about 9
cm in the contact localization, we measured an error in the contact force of
about 50% of the commanded value. Using parallel control, with the same
error in contact localization, the RMSE has increased by 20% for the force
tracking, and by 35% for the position tracking.
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Chapters 5 and 6 introduced a new control framework, called “Task Space
Inverse Dynamics”, which allows for different control paradigms, such as explicit force control and parallel control — already implemented on the iCub
robot in chapter 4. Even though similar control frameworks already existed,
our work was motivated by the lack of a framework that addressed all these
aspects: optimality of the solution, capability to control interaction forces,
and computational cost of the algorithm. In chapter 5 we have derived “Task
Space Inverse Dynamics” as solution of a point-wise optimal control problem,
taking inspiration from the Unifying Framework [Peters et al. 2007]. Tests in
simulation have proved the advantages of our control framework with respect
to other two state-of-the-arm equivalent frameworks (i.e. Unifying Framework [Peters et al. 2007] and Whole-Body Control Framework [Sentis and
Khatib 2005]). Remarkably, with “Task Space Inverse Dynamics” the control loop has taken less than half the time than with the Whole-Body Control
Framework [Sentis and Khatib 2005], while it has still guaranteed the optimality of the solution. Finally, in chapter 6, we have extended “Task Space
Inverse Dynamics” to the control of floating-base systems, such as humanoid
robots. Tests in simulation validated the extended framework, proving its effectiveness in balancing the robot, while performing position/force control
tasks. We also exploited the presented control framework to ensure smooth
transitions in the contact state, such as the switch from double support to
single support, typical of walking and running behaviors.
7.2

DISCUSSION AND FUTURE WORK

This section points out the potential impact of this thesis for the scientific
community, stressing the possible applications of the presented methods and
control strategies. The work presented in this thesis advanced the current state
of the art in the field of active force control of rigid robots. Hopefully, our
efforts represent another step towards a new generation of force-controlled
robots that can safely and effectively interact with humans and the environment.
The methods for the calibration of tactile sensors (chapter 2) and the estimation of contact forces (chapter 3) apply to any robot that is equipped with
distributed force and tactile sensors. Both types of sensors are becoming increasingly common in robotics, and this boosts the significance of the related
works, such as this thesis. We have implemented our method for the estimation of contact forces in an open-source C++ library, iDyn, which is freely
available online for anyone. Moreover, we plan to generalize the method, and
the related library implementation, providing a useful software tool to the
robotic community. While the current version of the library exploits only tactile sensors and 6-axis force/torque sensors, the new version will include also
accelerometers, inertial measurement units and joint torque sensors. Also, the
estimated quantities will extend beyond contact forces, including joint velocities, joint accelerations and the pose of the floating-base of the robot.

7.2 D I S C U S S I O N A N D F U T U R E W O R K

The control framework “Task Space Inverse Dynamics” (chapters 5 and 6)
is the principal contribution of this thesis. It can be exploited for the position and force control of any rigid robot, including fixed-base manipulators
and floating-base systems, such as humanoid robots. At this time, we have
not provided an open-source C++ implementation of the framework, but we
plan to do it during the next year. Anyway, the algorithm relies only on pseudoinverses and inverse dynamics of the robot, which can be computed using the open-source C++ libraries Eigen [Gael Guennebaud et al. 2010] and
KDL [Smits 2007], respectively. Moreover, one of the assets of the framework is the simplicity of the algorithm, which would make its implementation
straightforward, as well as efficient.
Recalling what we said in section 1.3.1, this work is based on a few assumptions, which can help us to understand its current limitations and future
directions. When treating the control problem, we have always assumed to
have a reference trajectory to track, being either a position or a force trajectory, but we have not investigated how we can generate this trajectory.
In our tests we have used an approximately minimum-jerk trajectory generator, which provided position-velocity-acceleration reference trajectories.
However, this simple approach fails when the desired final position is outside
the robot’s workspace; in this case the robot typically reaches singular configurations, with the unpleasant consequence that even higher priority tasks may
become unfeasible. Since the task prioritization works only locally, i.e. instantaneously, lower priority tasks may still globally conflict with higher priority
tasks, leading the robot in configurations in which those tasks become unfeasible. To overcome these issues we should move from local optimality to
global optimality, introducing then planning in the process.
Another important aspect that we overlooked is uncertainty in the kinematic/dynamic model of the robot: adaptive or robust control techniques could
surely help to improve the performance. Along this line of thoughts, we plan
to integrate our control framework with an online estimator of the inertial
parameters of the robot, generating an adaptive control architecture.
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APPENDIX

A

LINEAR ALGEBRA REVIEW

This appendix presents a brief review on linear algebra, with particular focus
on pseudoinverses.
A .1

S I N G U L A R VA L U E D E C O M P O S I T I O N

(SVD)

We start by reviewing the singular value decomposition, which is fundamental
for the work presented in this thesis. Given a matrix A ∈ Rm×n with rank r,
its singular value decomposition is:

 
i S 0 VT
h
  1  = U1 SV1T ,
A = U ΣV T = U1 U2 
0 0 V2T
where U and V are orthogonal matrices, whereas Σ and S are diagonal matrices. In particular we have that:
U U T = U T U = Im , U ∈ Rm×m
V V T = V T V = In , V ∈ Rn×n
U1T U1 = Ir , U1 ∈ Rm×r
V1T V1 = Ir , V1 ∈ Rn×r
U2T U2 = Im−r , U2 ∈ Rm×m−r
V2T V2 = In−r , V2 ∈ Rn×n−r
Σ ∈ Rm×n
S ∈ Rr×r
The diagonal elements of S are called the singular values of A and they are
ordered in decreasing order. Since the columns of U1 (V1 ) are orthogonal to
all the columns of U2 (V2 ) we have that:
U1T U2 = 0m×m−r
V1T V2 = 0n×n−r
In case A is symmetric (i.e. A = AT ), its singular value decomposition takes
the form:
A = U ΣU T
A .1.1

Nullspace and Range

The nullspace of a matrix A ∈ Rm×n is the subspace of vectors that are
mapped to zero when premultiplied by A, and it is defined as:
N (A) = {x ∈ Rn | Ax = 0} ⊆ Rn
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We can also view it as the set of vectors that are orthogonal to all the rows of
A. The range of a matrix A ∈ Rm×n is the subspace of vectors that can be
generated by multiplying A times an arbitrary vector, and it is defined as:
R(A) = {Ax | x ∈ Rn } ⊆ Rm
It can also be viewed as the span of the columns of A. As far as we know,
there is no special name for the subspace of vectors that are not mapped to
zero when premultiplied by A, so we decided to call it the active space, which
is defined as:
{x ∈ Rn | Ax 6= 0} ⊆ Rn
The singular value decomposition of a matrix gives an orthonormal basis of
its nullspace, range and active space. In particular, the columns of V2 are an
orthonormal basis of the nullspace of A. The columns of V1 are an orthonormal basis of the active space of A. The columns of U1 are an orthonormal
basis of the range of A.
A .2

PSEUDOINVERSES

The pseudoinverse of a matrix A ∈ Rm×n is a matrix X ∈ Rn×m that satisfies the following equalities:
AXA = A

XAX = X

(AX)T = AX

(XA)T = XA

The most widely known pseudoinverse is the Moore-Penrose pseudoinverse,
which is indicated as A+ . The term pseudoinverse, without further specification, often refers to the Moore-Penrose pseudoinverse. The term generalized inverse is sometimes used as a synonym for pseudoinverse. A common
use of the Moore-Penrose pseudoinverse (hereafter, just pseudoinverse) is to
compute a ’best fit’ (least squares) solution to a system of linear equations
that lacks a unique solution. Another use is to find the minimum (Euclidean)
norm solution to a system of linear equations with multiple solutions.
A .2.1

Computation of Pseudoinverses

If A is skinny and full rank, then A+ can be computed as:
A+ = (AT A)−1 AT
If A is fat and full rank, then A+ can be computed as:
A+ = AT (AAT )−1
In general, pseudoinverses can be computed using the SVD. Given a matrix
A = U1 SV1T , its pseudoinverse can be computed as:
A+ = V1 S −1 U1T
Given that S is diagonal, this expression is extremely simple to compute.

A.3 W E I G H T E D P S E U D O I N V E R S E S

A .2.2

Linear systems

Pseudoinverses are commonly used to find (approximate) solutions for overdetermined or underdetermined systems of linear equations. Consider the linear
system:
Ax = y
where A ∈ Rm×n , x ∈ Rn and y ∈ Rm . The system may be determined,
overdetermined, underdetermined. If m = n and A is full rank, then the
system is determined, meaning that it has a unique solution:
x = A−1 y
If A is skinny (i.e. m > n) then the system is overdetermined (more equations
than unknowns), meaning that for most y, there is no exact solution. In this
case, a common approach is to approximately solve the system, finding the
value that minimizes the squared error. If A is full rank there is a unique value
of x that minimizes the squared error:
x∗ = argmin ||Ax − y||2 = A+ y
x∈Rn

If A is fat (i.e. m < n) and full rank, then the system is underdetermined
(less equations than unknowns), meaning that there exists infinite solutions.
Among the infinite solutions we can select the one with minimum distance
from an arbitrary value x0 ∈ Rn :
x∗ = {argmin ||x − x0 ||2

s.t.

x∈Rn

Ax = y} = A+ y + (I − A+ A)x0

A common approach is to set x0 = 0 to find the solution with minimum norm.
In the general case (A not full rank) the pseudoinverse gives the minimumnorm, least-squares approximate solution, namely the solution of this problem:
x∗ = argmin ||x − x0 ||2
x∈Rn

s.t.

A .3

x ∈ {z : ||Az − y||2 = minn ||Ax − y||2 }
x∈R

WEIGHTED PSEUDOINVERSES

The weighted pseudoinverse of a matrix A ∈ Rm×n is a matrix X ∈ Rn×m
that satisfies the following equalities:
AXA = A

XAX = X

but it may not satisfy these equalities:
(AX)T = AX

(XA)T = XA
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The pseudoinverse of a skinny matrix A weighted by a positive-definite matrix E ∈ Rm×m is defined as:
1

1

+ 2
T
−1 T
2
A+
E = (E A) E = (A EA) A E

(A.1)

where the last expression is valid only if A is full rank. The pseudoinverse of
a fat matrix A weighted by a positive-definite matrix W ∈ Rn×n is defined
as:
1

1

+
T
T −1
2
2
A+
W = W (AW ) = W A (AW A )

(A.2)

where the last expression is valid only if A is full rank.
In case of overdetermined linear systems, weighted pseudoinverses find the
value that minimizes the weighted squared error, that is:
1

x∗ = argmin ||E 2 (Ax − y)||2 = A+
Ey
x∈Rn

In case of underdetermined linear systems, weighted pseudoinverses find the
solution that minimizes the weighted distance from an arbitrary value x0 , that
is:
1

x∗ = {argmin ||W − 2 (x − x0 )||2

s.t.

x∈Rn

+
Ax = y} = A+
W y + (I − AW A)x0

In case A is rank deficient, we can weigh both the squared error (with the
matrix E) and the distance from an arbitrary x0 (with the matrix W ):
1

x∗ = argmin||W − 2 (x − x0 )||2
x∈Rn

1

1

x ∈ {z : ||E 2 (Az − y)||2 = minn ||E 2 (Ax − y)||2 }

s.t.

x∈R

The solution is given by
1

1

+
2
2
x ∗ = A+
W,E y + (I − AW,E E AW )x0 ,

where:
1

1

1

1

+ 2
2
2
2
A+
W,E = W (E AW ) E

(A.3)

The notation for the two versions of weighted pseudoinverses is the same,
but the reader can infer which one applies from the context: for skinny fullrank matrices we use (A.1), whereas for fat full-rank matrices we use (A.2).
In case of rank deficient matrices both weighted pseudoinverses could apply,
but the dimension of the weight matrix clarifies if we are using (A.1) or (A.2).
The only ambiguous case is the weighted pseudoinverse of a square rankdeficient matrix, in which case we have to clarify which equation we are
using. However, to ease the understanding of the equations, we try always to
indicate the weight matrix with E when we use (A.1), and with W (or V )
when we use (A.2).

A.3 W E I G H T E D P S E U D O I N V E R S E S

A .3.1
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Weighted Nullspace Projections

The nullspace projection matrix of a (fat or rank deficient) matrix A is given
by:
NA = I − A+ A = I − AT (AAT )−1 A,

(A.4)

where the last expression is valid only if A is full rank. On the other hand the
weighted nullspace projection matrix of a matrix A is given by:
1

1

+
T
T −1
2
2
NAW = (I −A+
W A) = (I −W (AW ) A) = (I −W A (AW A ) A),

(A.5)
where the last expression is valid only if A is full rank. Note that the nonweighted nullspace projection matrix is symmetric, i.e. NA = NAT , whereas
its weighted version is not symmetric. The weighted nullspace projection may
be also expressed as:
1

1

1

1

NAW = W 2 (I − (AW 2 )+ AW 2 )W − 2 ,
which can be seen as a sequence of three operations:
1

1. a projection into the weighted space through W − 2 ;
1

2. an orthogonal projection onto the nullspace of AW 2 ;
1

3. a projection back into the non-weighted space through W 2 .
The second step is an orthogonal projection performed by the operator:
I − (AW )+ AW = I − W V1 (V1T W 2 V1 )−1 V1T W
Being an orthogonal projection, we know that it can be expressed as I − V̄1 V̄1T ,
where V̄1T V̄1 = I and the columns of V̄1 span the active space (i.e. the or1
thogonal complement of the nullspace) of the matrix AW 2 . We can easily infer the relationship between the orthogonal nullspace projection of A
(spanned by the columns of V1 ) and the orthogonal nullspace projection of
1
AW 2 (spanned by the columns of V̄1 ):
1

V̄1 = W V1 (V1T W 2 V1 )− 2

Using the SVD, we can also write the weighted nullspace projection matrix
as:
T + T
NAW = (I − A+
W A) = I − (V1 )W V1

The matrix NAW is not symmetric, but the relationship with its transpose is
quite simple:
1

1

T +
T
T −1
T
2
2
NATW = (I − AT A+T
W ) = (I − A (W A ) W ) = (I − A (AW A ) AW ) =

= W −1 (I − W AT (AW AT )−1 A)W = W −1 NAW W
(A.6)
Note that NATW is no longer a nullspace projector of A.

B

TA S K S PA C E I N V E R S E D Y N A M I C S

This appendix collects the analytical derivation of some control laws that compose the control framework presented in this thesis, i.e. “Task Space Inverse
Dynamics”.
B .1

R I G I D F O R C E C O N T RO L O F F I X E D - BA S E RO B OT S

This section deals with the problem of controlling rigid contact forces in fixedbase robots. Assume that the motion of the manipulator is subject to a set of
k nonlinear constraints:
c(q, t) = 0
Differentiating twice the constraints we get:
ċ = Jc q̇ = 0
c̈ = Jc q̈ + J˙c q̇ = 0
∂
where Jc (q) = ∂q
c ∈ Rk×n is the constraint Jacobian. The desired contact
forces f ∗ ∈ Rk can be computed using a proportional-derivative control law:

f ∗ = fr + Kp (fr − f ) + Kd (f˙r − f˙),
where fr (t) ∈ Rk is the reference force trajectory, while Kd > 0, Kp > 0 are
matrices acting as derivative and proportional gains, respectively. The control
problem is defined as:
τ ∗ = argmin ||f − f ∗ ||2
τ ∈Rn

s.t.

M q̈ + h − JcT f = τ
Jc q̈ + J˙c q̇ = 0

This case is very different from the “spring contact” case because the motion
of the manipulator is constrained by the rigid contact. Multiplying the first
constraint times Jc M −1 and substituting Jc q̈ from the second constraint, we
can compute the contact forces as a function of τ :
f = (Jc M −1 JcT )−1 (Jc M −1 (h − τ ) − J˙c q̇),

(B.1)

where we can recognize the operational space inertia matrix Λc = (Jc M −1 JcT )−1 .
Substituting (B.1) into the cost function we can calculate the solutions of the
problem:
−1 ∗
−1
˙
τ ∗ =(Jc M −1 )+
h)
V (−Λc f − Jc q̇ + Jc M
−1
+ (I − (Jc M −1 )+
)τ0
V Jc M
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Setting V = M 2 W we get a simpler solution:
−1 ∗
−1
˙
τ ∗ = M Jc +
h) + M NcW M −1 τ0
W (−Λc f − Jc q̇ + Jc M

(B.2)

Note that this control law does not contain the contact forces f . We see the
similarity with the position control law (5.6), in which ẍ∗ is replaced with
∗
−1 then (B.2) simplifies to:
−Λ−1
c f . If we choose W = M
τ ∗ = −JcT f ∗ + M J¯c (−J˙c q̇ + Jc M −1 h) + M N̄c M −1 τ0 ,

(B.3)

where N̄c = I − J¯c Jc and J¯c = M −1 JcT Λc is the dynamically consistent
Jacobian pseudoinverse. Another convenient option is to choose W = I:
∗
−1
˙
τ ∗ = M Jc+ (−Λ−1
h) + M Nc M −1 τ0
c f − Jc q̇ + Jc M

(B.4)

Unfortunately both (B.3) and (B.4) are computationally expensive because
they contain the terms J¯c and Λ−1
c , respectively. However, a simple trick may
help us to get a more convenient solution. We rewrite (B.2) as:
+
−1
−1 ∗
˙
h) − NcW2 M −1 τ0 )
τ ∗ = −M (Jc +
W1 Λc f + Jc W2 (Jc q̇ − Jc M

Then we set W1 = M and W2 = I and we get:
τ ∗ = −JcT f ∗ − M Jc+ (J˙c q̇ − Jc M −1 h) + M Nc M −1 τ0
We can check that this is still a solution of the force control problem by substituting it into (B.1). Finally, the term M −1 can be removed by adding the
postural task, i.e. setting τ0 = M q̈0∗ + h:
τ ∗ = −JcT f ∗ + M (−Jc+ J˙c q̇ + Nc q̈0∗ ) + h
B .2

I N E R T I A M AT R I X I N V E R S E

This decomposition of the inverse of the inertia matrix of a floating-base robot
is going to play an important role in the derivation of many control laws:
M −1 = S̄Nj S̄ T + U T Mb−1 U

(B.5)

To better understand this equality, we report here the expression of the inverse
of the inertia matrix M −1 as a block matrix:


N
N
b
bj 
M −1 = 
T
Nbj Nj
T −1
Nb = (Mb − Mbj Mj−1 Mbj
)

(B.6)

T
Nj = (Mj − Mbj
Mb−1 Mbj )−1

Nbj = −Nb Mbj Mj−1 = −Mb−1 Mbj Nj
We also report the pseudoinverses of S, weighted with M −1 :




−1
Nbj  −1 −Mb Mbj 
+
−1 T
S̄ = SM
S (SM −1 S T )−1 = 
Nj =
−1 = M
Nj
In
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Now we can prove (B.5):
S̄Nj S̄ T + U T Mb−1 U =




h
i
−1
−1
−M
M
M
0
bj 
b
=
T M −1 I +  b
=
Nj −Mbj
b
I
0
0

 

−1
−1
−1
−1
T
M Mbj Nj Mbj Mb
−Mb Mbj Nj  Mb
0
= b
+
=
T M −1
−Nj Mbj
N
0
0
j
b


−1
−1
−1
T
M Mbj Nj Mbj Mb + Mb
Nbj 
= b
=
T
Nbj
Nj


Nb Nbj 
= M −1 ,
=
T
Nbj Nj
where we used the fact that:
T
Mb−1 Mbj Nj Mbj
Mb−1 + Mb−1 =
T
Mb−1 + Mb−1 =
= Nb Mbj Mj−1 Mbj
T
Mb−1 + Nb−1 Mb−1 ) =
= Nb (Mbj Mj−1 Mbj
T
T
)Mb−1 ) = Nb
Mb−1 + (Mb − Mbj Mj−1 Mbj
= Nb (Mbj Mj−1 Mbj

B .3
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This section deals with the control of the actuated joints of a floating-base
robot. The resulting control law is commonly known as Collocated Partial
Feedback Linearization [Spong 1998]. We want to solve the control problem:
τ ∗ = argmin ||q̈j − q̈j∗ ||2
τ ∈Rn

s.t.

M q̈ + h = S T τ

where q̈j∗ ∈ Rn are the desired active joint accelerations. If we multiply the
constraint times S̄ T we get:
S̄ T (M q̈ + h) = S̄ T S T τ
Nj−1 q̈j + S̄ T h = τ
q̈j = Nj (τ − S̄ T h)

(B.7)

T
T
q̈j = (Mj − Mbj
Mb−1 Mbj )−1 (τ − hj + Mbj
Mb−1 hb )

This equation describes the dynamics of the active joints independently of
the passive joints. We can now substitute q̈j in the cost function to get an
unconstrained problem:
τ ∗ = argmin ||Nj (τ − S̄ T h) − q̈j∗ ||2
τ ∈Rn
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This problem has a unique solution:
τ ∗ = Nj−1 q̈j∗ + S̄ T h

(B.8)

Applying the control law (B.8) to a floating-base system, the resulting motion
is:
q̈j = q̈j∗
ẍb = −Mb−1 (Mbj q̈j∗ + hb )
B .4

N O N - C O L L O C AT E D PA R T I A L F E E D B A C K L I N E A R I Z AT I O N

This section deals with the control of the passive joints (i.e. the floating-base
virtual joints) of a floating-base robot. The resulting control law is commonly
known as Non-Collocated Partial Feedback Linearization [Spong 1998]. We
want to solve the following problem:
τ ∗ = argmin ||ẍb − ẍ∗b ||2E
τ ∈Rn

s.t.

M q̈ + h = S T τ

where ẍ∗b ∈ R6 is the desired base acceleration. Multiplying the constraint
times Ū T we get:
Nb−1 ẍb + Ū T h = −Mbj Mj−1 τ
From this expression we compute ẍb and we substitute it in the cost function,
to get an unconstrained problem:
τ ∗ = argmin ||Nb (−Mbj Mj−1 τ − Ū T h) − ẍ∗b ||2E
τ ∈Rn

Depending on the rank of Mbj this problem may have one or infinite solutions.
In general, the solution takes this form:
−1
−1 +
T
∗
τ ∗ = −(Nb Mbj Mj−1 )+
W,E (ẍb + Nb Ū h) + (I − (Nb Mbj Mj )WE Nb Mbj Mj )τ0

(B.9)
In case of infinite solutions, this is the one that minimizes ||τ − τ0 ||W . The
condition of strong inertial coupling requires that rank(Mbj ) ≥ 6, where 6
is the number of passive DoFs for floating-base robots. If this condition is
satisfied then we have complete control over the passive DoFs, that is we can
get ẍb = ẍ∗b , ∀ẍ∗b ∈ R6 . Furthermore, Nb Mbj Mj−1 is full-row rank and so the
matrix E does not affect the solution. Setting E = Nb−2 the general solution
(B.9) simplifies to:
−1 ∗
−1 +
−1
T
τ ∗ = −(Mbj Mj−1 )+
W (Nb ẍb + Ū h) + (I − (Mbj Mj )W Mbj Mj )τ0

(B.10)
We can get a further simplification by setting W = Mj2 :
+
+
τ ∗ = −Mj Mbj
(Nb−1 ẍ∗b + Ū T h) + Mj (I − Mbj
Mbj )Mj−1 τ0 (B.11)
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Alternatively, this control law can be also put in the convenient hybrid dynamics form (B.8) by setting W = Nj−2 and τ0 = S̄ T h + τ̃0 :
τ ∗ = −Nj−1 (Mbj Mj−1 Nj−1 )+ (Nb−1 ẍ∗b + Ū T h)
+ (I − Nj−1 (Mbj Mj−1 Nj−1 )+ Mbj Mj−1 )(S̄ T h + τ̃0 )
+
= −Nj−1 Mbj
Mb Nb (Nb−1 ẍ∗b + Ū T h)
+
+ (I − Nj−1 Mbj
Mb Nb Nb−1 Mb−1 Mbj Nj )(S̄ T h + τ̃0 )
+
+
= −Nj−1 Mbj
(Mb ẍ∗b + Mb U M −1 h) + Nj−1 (I − Mbj
Mbj )Nj (S̄ T h + τ̃0 )
+
+
= −Nj−1 Mbj
(Mb ẍ∗b − Mbj Nj S̄ T h + hb ) + Nj−1 (I − Mbj
Mbj )Nj (S̄ T h + τ̃0 )
+
+
= Nj−1 (−Mbj
(Mb ẍ∗b + hb ) + (I − Mbj
Mbj )Nj τ̃0 ) +S̄ T h,
{z
}
|
q̈j∗

(B.12)
where we used the fact that Mbj Mj−1 Nj−1 = Nb−1 Mb−1 Mbj , which can be derived directly from (B.5). Under the condition of strong inertial coupling both
(B.11) and (B.12) result in ẍb = ẍ∗b , but they use the task nullspace (if any) to
minimize different quantities. In particular (B.11) minimizes ||Mj−1 (τ −τ0 )||,
whereas (B.12) minimizes ||Nj (τ − S̄ T h − τ̃0 )||.
B .5
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This section deals with the control in task space of a floating-base robot. The
resulting control laws are an extension of partial feedback linearization to task
space control [Shin and Lee 1997; Shkolnik and Tedrake 2008]. The control
problem can be formulated as:
τ ∗ = argmin ||J q̈ + J˙q̇ − ẍ∗ ||2
τ ∈Rn

s.t.

M q̈ + h = S T τ

m×n
where ẍ∗ ∈ Rm is the desired task space acceleration and J = ∂x
∂q ∈ R
is the task Jacobian. We compute q̈ from the constraints and we substitute it
in the cost function to get:

τ ∗ = argmin ||JM −1 (S T τ − h) + J˙q̇ − ẍ∗ ||2
τ ∈Rn

This problem has infinite solutions (assuming m < n), which can be expressed as:
∗
−1
−1 T
˙
τ ∗ = (JM −1 S T )+
h)+(I −(JM −1 S T )+
S )τ0
V (ẍ − J q̇ +JM
V JM

(B.13)
where V > 0 is an arbitrary weight matrix and τ0 ∈ Rn is an arbitrary vector.
This control law is computationally expensive because it requires the inverse
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of the mass matrix M −1 , but we can simplify it. Using the decomposition of
the mass matrix (B.5) we can show that:
M −1 S T = (S̄Nj S̄ T + U T Mb−1 U )S T = S̄Nj
Substituting this expression in (B.13) and setting V = Nj−2 W , where W >
0, W ∈ Rn×n is an arbitrary matrix, we get:
τ ∗ = (J S̄Nj )+
(ẍ∗ − J˙q̇ + JM −1 h) + (I − (J S̄Nj )+
J S̄Nj )τ0
N −2 W
N −2 W
j

=
=

∗
Nj−1 (J S̄)+
W (ẍ
∗
Nj−1 (J S̄)+
W (ẍ

j

− J˙q̇ + JM −1 h) + (I − Nj−1 (J S̄)+
W J S̄Nj )τ0
−1
−1
− J˙q̇ + JM h) + N (I − (J S̄)+ J S̄)Nj τ0
j

W

(B.14)
Now we have to get rid of the M −1 premultiplying h. Again we use the
equality (B.5) and we set τ0 = S̄ T h:
−1
∗
T
T
˙
τ ∗ = Nj−1 (J S̄)+
W (ẍ − J q̇ + J(S̄Nj S̄ + U Mb U )h)
T
+ Nj−1 (I − (J S̄)+
W J S̄)Nj S̄ h
= N −1 (J S̄)+ (ẍ∗ − J˙q̇ + JU T M −1 U h) + S̄ T h

=

j
W
−1
∗
Nj (J S̄)+
W (ẍ

|

− J˙q̇ +
{z

b
Jb Mb−1 hb ) +S̄ T h

q̈j∗

(B.15)

}

In the end we managed to put the control law in the convenient hybrid dynamics form of (B.8). Differently from (B.13), this control law does not require
the computation of the whole inertia matrix, but just the part associated to the
floating-base, i.e. Mb and Mbj .
The collocated and non-collocated PFL can be derived as special cases of
the task space PFL (B.15). In particular, if we set J = S and ẍ∗ = q̈j∗ we get
the collocated PFL:
−1 ∗
∗
T
T
τ ∗ = Nj−1 (S S̄)+
W q̈j + S̄ h = Nj q̈j + S̄ h

On the other hand, if we set J = U and ẍ∗ = ẍ∗b we get the non-collocated
PFL:
−1
+
−1
−1
−1
T
∗
T
∗
τ ∗ = Nj−1 (U S̄)+
W (ẍb +Mb hb )+S̄ h = Nj (−Mb Mbj )W (ẍb +Mb hb )+S̄ h

If the condition of strong inertial coupling is met (i.e. rank(Mbj ) = 6) then
+
(−Mb−1 Mbj )+
W = −Mbj W Mb ,

and so:
∗
T
τ ∗ = −Nj−1 Mbj +
W (Mb ẍb + hb ) + S̄ h
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B .6

C O N S T R A I N T N U L L S PA C E P R O J E C T I O N

This section deals with the dynamics of constrained floating-base robots, explaining the ”constraint nullspace projection”. This technique is at the basis
of the design of many control laws, because it allows to express the dynamics
of this type of systems independently of the constraint forces. Consider the
equation of motion of a constrained floating-base system:
M q̈ + h − JcT f = S T τ,

(B.16)

where f ∈ Rk are the constraint forces. The system is subject to the constraints:
Jc q̈ = −J˙c q̇

(B.17)

To remove the contact forces from the system dynamics we have to: i) multiply (B.16) times Jc M −1 , ii) substitute Jc q̈ = −J˙c q̇, iii) compute f as a
function of τ , iv) substitute f back in (B.16). Doing that we get an expression
describing the dynamics of the constrained system, but without the constraint
forces f .
Jc M −1 [M q̈ + h − JcT f = S T τ ]
Jc M −1 JcT f = Jc q̈ + Jc M −1 (h − S T τ )
f = Λc (−J˙c q̇ + Jc M −1 (h − S T τ ))
where Λc = (Jc M −1 JcT )−1 is the constraint space inertia matrix. Now that
we have computed f , we substitute it in (B.16):
M q̈ + h − JcT Λc (−J˙c q̇ + Jc M −1 (h − S T τ )) = S T τ
M q̈ + (I − JcT Λc Jc M −1 )h + JcT Λc J˙c q̇ = (I − JcT Λc Jc M −1 )S T τ
M q̈ + (I − J¯c Jc )T h + JcT Λc J˙c q̇ = (I − J¯c Jc )T S T τ
M q̈ + N̄cT h + JcT Λc J˙c q̇ = N̄cT S T τ
(B.18)
where J¯c = Jc +
is the dynamically consistent Jacobian pseudoinverse
M −1
[Khatib 1987], and N̄c = I − J¯c Jc is its nullspace projector.
A more recent approach [Aghili 2005; Righetti et al. 2011a] suggests to
eliminate the constraint forces from (B.16) by projecting it in the nullspace of
T =
the constraints. This is done by multiplying the robot dynamics times NcW
T
(I − Jc +
W Jc ) , so that we get:
T
NcW
[M q̈ + h − JcT f = S T τ ]
T
T
NcW
(M q̈ + h) = NcW
ST τ

(B.19)

If we set W = M −1 and we substitute q̈ from (B.17), then we get (B.18).
This equation is a convenient alternative to (B.18), because it does not use
M −1 and it is overall simpler. Equation (B.19) can be derived using the same
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procedure that we used to derive (B.18), but multiplying (B.16) times Jc W
rather than Jc M −1 :
Jc W [M q̈ + h − JcT f = S T τ ]
Jc W JcT f = Jc W (M q̈ + h − S T τ )
f = (Jc W JcT )−1 Jc W (M q̈ + h − S T τ )
f = Jc TW+ (M q̈ + h − S T τ )
Then, as before, we substitute f back in (B.16):
M q̈ + h − JcT Jc TW+ (M q̈ + h − S T τ ) = S T τ
(I − JcT Jc TW+ )(M q̈ + h) = (I − JcT Jc TW+ )S T τ
T
NcW
(M q̈

+ h) =

(B.20)

T
NcW
ST τ

To get the simplest formulation in the following we are going to use W = I,
so we can also exploits the symmetry of the orthogonal projector: NcT = Nc .
B .7

J O I N T C O N T RO L

This section deals with the control of constrained floating-base robots in configuration space. We want to solve this problem:
τ ∗ = argmin ||q̈ − q̈ ∗ ||2E
τ ∈Rn

s.t.

M q̈ + h − JcT f = S T τ
Jc q̈ = −J˙c q̇

where q̈ ∗ ∈ Rn+6 are the desired joint accelerations, which we assume to be
constraint consistent, i.e. Jc q̈ ∗ + J˙c q̇ = 0. Using (6.18) (with W = I) we can
formulate an equivalent unconstrained problem:
τ ∗ = argmin ||Mc−1 (Nc (S T τ − h) − Jc+ J˙c q̇) − q̈ ∗ ||2E
τ ∈Rn

The general solution of this problem is:
−1
∗
+ ˙
τ ∗ = (Mc−1 Nc S T )+
E Mc (Mc q̈ + Nc h + Jc Jc q̇)

= (EMc−1 Nc S T )+ EMc−1 (Nc M q̈ ∗ + Jc+ Jc q̈ ∗ + Nc h + Jc+ J˙c q̇)
= (EM −1 Nc S T )+ EM −1 (Nc (M q̈ ∗ + h) + J + (Jc q̈ ∗ + J˙c q̇))
=

c
c
−1
T +
(EMc Nc S ) EMc−1 Nc (M q̈ ∗

c

+ h)

If we want to minimize the norm of the joint acceleration error we have to set
E = I. Doing that we get a control law that is computationally expensive, because it requires the computation of M (which appears inside Mc ). However,
if the system is sufficiently constrained (i.e. V2T S T is full-row rank) then τ ∗
will result in q̈ = q̈ ∗ . In this case the matrix E does not affect the solution, so
we can set it to the most convenient value, that is E = Mc :
τ ∗ = (Nc S T )+ Nc (M q̈ ∗ + h)

(B.21)

B.8 C O M P L E T E R I G I D F O R C E C O N T R O L O F F L O AT I N G - B A S E R O B O T S

This control law is very efficient, because it can be computed with one iteration of RNEA. However, using (B.21) when the system is not sufficiently
constrained means that we do not minimize the joint acceleration error, but a
weighted version of it. Alternatively, rather than using Nc , we could use any
matrix whose columns span the nullspace of Jc (e.g. the matrix V2 from the
SVD of Jc ):
τ ∗ = (V2T S T )+ V2T (M q̈ ∗ + h)
This form has the advantage of computing the pseudoinverse of a smaller
matrix: V2T S T ∈ Rn+6−k×n , while Nc S T ∈ Rn+6×n .
B .8
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This section deals with the control of all the rigid contact forces acting on
a constrained floating-base robot. In contrast, the next section deals with the
case in which we want to control only a subset of these constraint forces. We
can formulate the control problem as:
τ ∗ = argmin ||f − f ∗ ||2
τ ∈Rn

s.t.

M q̈ + h − JcT f = S T τ
Jc q̈ = −J˙c q̇

Solving the constraints we can get an equivalent unconstrained problem:
τ ∗ = argmin ||(Jc M −1 JcT )−1 (Jc M −1 (h − S T τ ) − J˙c q̇) − f ∗ ||2
τ ∈Rn

The solutions of this problem are:
−1 T ∗
Jc f + Jc M −1 h − J˙c q̇)
τ ∗ = (Jc M −1 S T )+
W (−Jc M
−1 T
S )τ0
+ (I − (Jc M −1 S T )+
W Jc M

Exploiting (B.5) we can simplify this expression so that it does not require the
computation of Mj . First we elaborate the first part of the expression, leaving
out the nullspace term:
−1 T ∗
Jc f + Jc M −1 h − J˙c q̇) =
(Jc M −1 S T )+
W (−Jc M
−1
T T ∗
T
T ∗
−1
= (Jc S̄Nj )+
h − J˙c q̇) =
W (−Jc S̄Nj S̄ Jc f − Jc U Mb U Jc f + Jc M
= N −1 (Jc S̄)+ (−Jc S̄Nj S̄ T J T f ∗ − Jc U T M −1 U J T f ∗ + Jc M −1 h − J˙c q̇) =
j

T

V
∗

= −(Jc S̄) f +

c
−1
+
Nj (Jc S̄) (Jcb Mb−1 (hb

c
T ∗
Jcb f )

b

−

− J˙c q̇ + Jc S̄Nj S̄ T h),

where Jcb = Jc U T is the part of Jc associated to the base joints. In the first
passage we set W = Nj−2 V , while in the second passage we set V = Nj for
the term multiplying f ∗ , and V = I for the other terms. Following the same
passages, the nullspace term becomes:
−1 T
(I − (Jc M −1 S T )+
S )τ0 = (I − (Jc S̄Nj )+
W Jc M
W Jc S̄Nj )τ0

= (I − Nj−1 (Jc S̄)+ Jc S̄Nj )τ0
= Nj−1 (I − (Jc S̄)+ Jc S̄)Nj τ0
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Putting it all together and setting τ0 = S̄ T h:
T ∗
f ) − J˙c q̇ + Jc S̄Nj S̄ T h)
τ ∗ = −(Jc S̄)T f ∗ + Nj−1 (Jc S̄)+ (Jcb Mb−1 (hb − Jcb

+ Nj−1 (I − (Jc S̄)+ Jc S̄)Nj S̄ T h =
T ∗
f ) − J˙c q̇) +S̄ T h
= −(Jc S̄)T f ∗ + Nj−1 (Jc S̄)+ (Jcb Mb−1 (hb − Jcb
|
{z
}
q̈j∗

Introducing the variable q̈j∗ we clearly see the hybrid dynamics structure (B.8),
with an extra term for the contact force:
τ ∗ = −(Jc S̄)T f ∗ + Nj−1 q̈j∗ + S̄ T h
B .9
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This section deals with the control of a subset of the rigid contact forces
acting on a constrained floating-base robot. Let us introduce a new Jacobian
Jf ∈ Rkf ×n+6 , which is associated to the constraint forces that we wish to
control, whereas Jc ∈ Rk×n+6 is the Jacobian associated to the remaining
constraints. The control problem may be formulated as:
τ ∗ = argmin ||f − f ∗ ||2
τ ∈Rn

s.t.

M q̈ + h − JcT fc − JfT f = S T τ
Jc q̈ = −J˙c q̇
Jf q̈ = −J˙f q̇

From the second constraint we compute:
q̈ = −Jc+ J˙c q̇ + V2 q̈c ,
where V2 ∈ Rn+6−k×n+6 is a matrix whose columns are an orthogonal base
for the nullspace of Jc . We substitute q̈ in the third constraint:
Jf V2 q̈c = (Jf Jc+ J˙c − J˙f )q̇

(B.22)

We can remove the constraint forces from the system’s dynamics multiplying
both sides of the equation times V2T :
V2T M V2 q̈c + V2T h − V2T M Jc+ J˙c q̇ − V2T JfT f = V2T S T τ
| {z }
|
{z
} | {z }
M̂

ĥ

JˆT

where we defined the new variables M̂ , ĥ and Jˆ to simplify the notation. Then
we multiply both sides times JˆM̂ −1 to get:
Jˆq̈c + JˆM̂ −1 (ĥ − JˆT f ) = JˆM̂ −1 V2T S T τ
We substitute (B.22):
(Jf Jc+ J˙c − J˙f )q̇ + JˆM̂ −1 (ĥ − JˆT f ) = JˆM̂ −1 V2T S T τ
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Now, assuming that Jˆ = Jf V2 is full-row rank, we can compute f as:
f = (JˆM̂ −1 JˆT )−1 ((Jf Jc+ J˙c − J˙f )q̇ + JˆM̂ −1 (ĥ − V2T S T τ ))
Substituting this expression of f in the cost function of the original control
problem we get an equivalent unconstrained problem:
τ ∗ = argmin ||(JˆM̂ −1 JˆT )−1 ((Jf Jc+ J˙c −J˙f )q̇+JˆM̂ −1 (ĥ−V2T S T τ ))−f ∗ ||2
τ ∈Rn

This problem has in general infinite solutions:
+ ˙
˙
ˆ −1 ĥ − JˆM̂ −1 JˆT f ∗ )
τ ∗ = (JˆM̂ −1 V2T S T )+
W ((Jf Jc Jc − Jf )q̇ + J M̂
+ (I − (JˆM̂ −1 V T S T )+ JˆM̂ −1 V T S T )τ0
2

W

2

(B.23)
To simplify this expression we exploit the fact that V2T S T is full-row rank
(because we assume that the system is sufficiently constrained), so we can
define a new control variable τ̂ ∈ Rn+6−k as:
τ̂ = V2T S T τ
For any value of τ̂ there exists at least a value of τ , which is given by:
τ = (V2T S T )+ τ̂
We can then solve the control problem for τ̂ and subsequently find a corresponding value of τ .
+ ˙
˙
ˆ −1 ĥ − JˆM̂ −1 JˆT f ∗ )
τ̂ ∗ = (JˆM̂ −1 )+
W ((Jf Jc Jc − Jf )q̇ + J M̂
+ (I − (JˆM̂ −1 )+ JˆM̂ −1 )τ̂0
W

Setting W = M̂ we get:
ˆ M̂ −1 τ̂0
τ̂ ∗ = −JˆT f ∗ + M̂ Jˆ+ ((Jf Jc+ J˙c − J˙f )q̇ + JˆM̂ −1 ĥ) + M̂ (I − Jˆ+ J)
Setting τ̂0 = ĥ + τ̄0 :
ˆ M̂ −1 τ̄0
τ̂ ∗ = −JˆT f ∗ + M̂ Jˆ+ (Jf Jc+ J˙c − J˙f )q̇ + ĥ + M̂ (I − Jˆ+ J)
Now we can compute the joint torques as:
ˆ 0 ) + ĥ)
τ ∗ = (V2T S T )+ (−JˆT f ∗ + M̂ (Jˆ+ (Jf Jc+ J˙c − J˙f )q̇ + (I − Jˆ+ J)q̈
where we introduced the new variable q̈0 = M̂ −1 τ̄0 . Substituting the expressions for M̂ , ĥ and Jˆ we get:
τ ∗ = (V2T S T )+ V2T (−JfT f ∗ + M ((V2 (Jf V2 )+ (Jf Jc+ J˙c − J˙f ) − Jc+ J˙c )q̇
{z
}
|
q̈x

+

+ V2 (I − (Jf V2 ) Jf V2 )q̈0 ) + h)
(B.24)
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We can simplify this expression even further by noting that q̈x is just a solution
of the two contact constraints, because:
Jf q̈x = Jf V2 (Jf V2 )+ (Jf Jc+ J˙c − J˙f )q̇ − Jf Jc+ J˙c q̇
= Jf J + J˙c − J˙f q̇ − Jf J + J˙c q̇
c

c

= −J˙f q̇
and also:
Jc q̈x = Jc V2 (Jf V2 )+ (Jf Jc+ J˙c − J˙f )q̇ − Jc Jc+ J˙c q̇ = −J˙c q̇
h
T =
Introducing a new Jacobian Jcf
JcT
a simpler expression:

i
JfT , we can then compute q̈x using

+ ˙
q̈x = −Jcf
Jcf q̇

Similarly, we can simplify the nullspace projector as:
+
V2 (I − (Jf V2 )+ Jf V2 ) = (I − Jcf
Jcf ) = Ncf

Substituting these simplified expressions in (B.24) we get:
+ ˙
Jcf q̇ + Ncf q̈0 ) + h)
τ ∗ = (V2T S T )+ V2T (−JfT f ∗ + M (−Jcf

(B.25)
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